Differential and Difference Equations

Part a. Differential equations.

Solve the following differential equation

dy(t) . d*y(t)
9
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y(t) +3 =1

for ¢ > 0 assuming the initial conditions y(0) = 1 and d%_it) = 2.

Express the resulting y(t) in closed form, with no integrals or derivatives.

[Hint: assume the homogeneous solution has the form Ae$1t + Be?! |

First solve the homogeneous equation: yy(t) + 37, (t) + 2ijs(t) = 0. Assume yp,(t) = Aet. Then g (t) = sAest
and §jj,(t) = s?>Ae’. Substitute into the homogeneous differential equation to obtain (1 + 3s + 2s%)Aes! = 0.
Since e is never equal to zero, either A must be 0 or 1 + 3s + 2s% must be zero. If A were zero, then the
solution would be trivial (i.e., y5(t) = 0), so the latter must be true to get a non-zero solution. From the
factored form (14 s)(142s) = 0, it is clear that s could be —1 or —0.5. Therefore the complete homogeneous
solution could be written as

yn(t) = Ae™t 4+ Be /2

as in the hint. The particular solution has the same form as the inhomogenous part, so that y,(t) = 1. To
satisfy the initial conditions, we require that y(¢) (the sum of the homogeneous and particular parts) satisfies
y(0)=A+B+1=1and y(0) = —A — B/2 =2 so that A = —4 and B = 4. The final solution is

y(t) = —de P+ 4e7t2 4 1.

Part b. Difference equations.
Solve the following difference equation
8y[n] —6yln — 1] +yn—-2] =1
for n > 0 assuming the initial conditions y[0] = 1 and y[—1] = 2.
Express the resulting y[n] in closed form (with no infinite sums).

[Hint: assume the homogeneous solution has the form Az} + Bz3 ]

First solve the homogeneous system: 8yp[n] — 6yp[n — 1] + yp[n — 2] = 0. Assume yp[n] = Az". Then
ypln — 1] = Az" 1 = 271 A2" and yu[n — 2] = A2"2 = 272A42". Substitute into the original difference
equation to obtain (8 — 6z~ + 272)A42" = 0. Since 2" is never equal to zero, either A must be 0 or
(8 — 627! + 272) must be zero. If A were zero, then the solution would be trivial (i.e., ys[n] = 0), so the
latter must be true to get a non-zero solution. From the factored form (4 —z71)(2 —2z71) = 0, it is clear that
27! could be 4 or 2. Therefore the complete homogeneous solution could be written as

woi-a(3) a3

as in the hint. The non-homogeneous part of the original difference equation is a constant 1. Thus, we expect
a particular solution of the form y,[n| = C where C' is a constant. Substituting this y,[n] into the original
difference equation determines C', since 8C' — 6C + C = 3C' = 1, so that C' = %, and

=a() +n (1) 4

will solve the original difference equation. To satisfy the initial conditions, we require y[n] satisfies y[0] =
A+ B+ 3 =1and y[-1] =4A+ 2B + § =2 so that A = { and B = }. The final solution is
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