
6.300: Signal Processing

Circular Convolution and Impulse Trains

Circular convolution: 1
N (f ~ g)[n] ⇐⇒ F [k]G[k]

• Compute the usual convolution (f ∗ g)[n] to start.
• Wrap (f ∗ g)[n] into [0,N − 1] and scale by 1/N .

Impulse trains: The Fourier transform of an impulse
train is another impulse train!

f [n] =
∑
m

δ[n − mL] ⇐⇒ F [k] = 1
L
∑
m

δ
[
k − m N

L
]

f (t) =
∑
m

δ(t − mT ) ⇐⇒ F(ω) =
2π
T

∑
m

δ
(
ω − m 2π

T
)
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What questions do you have from lecture?
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Impulse Trains: DFT

Let N = 24. Determine X1[k], the DFT of x1[n].



Impulse Trains: DFT

X1[k] =
1
24

23∑
n=0

x1[n]e−jk 2π
24 n =

1
24e−jk 2π

24 0 +
1
24e−jk 2π

24 12

=
1 + (−1)k

24 =

{
1
12 k even
0 k odd

The fundamental period of x1[n] is 12 samples, while the
fundamental period of X1[k] is 24/12 = 2 samples.



Impulse Trains: DFT

Let N = 24. Determine X2[k], the DFT of x2[n].



Impulse Trains: DFT

X2[k] =
1
24

23∑
n=0

x2[n]e−jk 2π
24 n

=
1
24e−jk 2π

24 0 +
1
24e−jk 2π

24 6 +
1
24e−jk 2π

24 12 +
1
24e−jk 2π

24 18

=
1 + (−j)k + (−1)k + jk

24 =

{
1
6 k mod 4 = 0
0 otherwise

The fundamental period of x2[n] is 6 samples, while the
fundamental period of X2[k] is 24/6 = 4 samples.



Impulse Trains: DFT

Suppose that N is an integer multiple of L. Using an
analysis window of length N , determine the DFT of

f [n] =
∑
m

δ[n − mL].

Hint: Generalize the work we’ve done so far.



Impulse Trains: DFT

Suppose that N is an integer multiple of L. Using an
analysis window of length N , determine the DFT of

f [n] =
∑
m

δ[n − mL].

Hint: Generalize the work we’ve done so far.

F [k] = 1
L
∑
m

δ
[
n − m N

L
]

The fundamental period of f [n] is L samples, while the
fundamental period of F [k] is N/L samples. Notice that
the fundamental periods in time and frequency are
inversely proportional: A “stretch” in one domain
corresponds to a “compression” in the other domain.



Impulse Trains: CTFT

Let T > 0. Determine F(ω), the Fourier transform of

f (t) =
∑
m

δ(t − mT ).

Hint: f (t) is periodic.



Impulse Trains: CTFT

Let T > 0. Determine F(ω), the Fourier transform of

f (t) =
∑
m

δ(t − mT ).

Hint: f (t) is periodic.

Start by computing the Fourier series coefficients F [k].
Relate the Fourier series to the Fourier transform F(ω).

F [k] = 1
T

ˆ
T
δ(t)dt = 1

T (for all k)

F(ω) =
∑

k
2πF [k]δ(ω − kω0) =

2π
T

∑
k

δ
(
ω − k 2π

T
)

The period in time is T . The period in frequency is 2π/T .



Impulse Trains: DTFT

Let N > 0. Determine F(Ω), the Fourier transform of

f [n] =
∑
m

δ[n − mN ].

Hint: f [n] is periodic.



Impulse Trains: DTFT

Let N > 0. Determine F(Ω), the Fourier transform of

f [n] =
∑
m

δ[n − mN ].

Hint: f [n] is periodic.

Start by computing the Fourier series coefficients F [k].
Relate the Fourier series to the Fourier transform F(Ω).

F [k] = 1
N

N−1∑
n=0

δ[n]e−jΩn =
1
N (for all k)

F(Ω) =
∑

k
2πF [k]δ(Ω− kΩ0) =

2π
N

∑
k

δ
(
Ω− k 2π

N
)

The period in time is N . The period in frequency is 2π/N .



Lessons Learned

Multiplication of DFTs corresponds to circular
convolution in the time domain: F [k]G[k] ⇐⇒ 1

N (f ~ g)[n].

Circular convolution: 1
N (f ~ g)[n] ⇐⇒ F [k]G[k]

• Compute the usual convolution (f ∗ g)[n] to start.
• Wrap (f ∗ g)[n] into [0,N − 1] and scale by 1/N .

Impulse trains: The Fourier transform of an impulse
train is another impulse train!

f [n] =
∑
m

δ[n − mL] ⇐⇒ F [k] = 1
L
∑
m

δ
[
k − m N

L
]

f (t) =
∑
m

δ(t − mT ) ⇐⇒ F(ω) =
2π
T

∑
m

δ
(
ω − m 2π

T
)



Question of the Day

Suppose that f [n] is non-zero only over 0 ≤ n ≤ L − 1, and
suppose g[n] is non-zero only over 0 ≤ n ≤ M−1. Now, zero-
pad both f [n] and g[n] to a length N ≥ L,M . Determine the
smallest N such that (f ∗ g)[n] = (f ~ g)[n] for 0 ≤ n ≤ N − 1.
Takeaway: You can zero-pad signals to a length ≥ N to
prevent circular-convolution artifacts, i.e., “time-aliasing.”


