6.300: Signal Processing

Circular Convolution and Impulse Trains

Circular convolution: +(f® g)[n] <= F[k]G[k|
e Compute the usual convolution (f  g)[n] to start.
e Wrap (f *g)[n] into [0, N —1] and scale by 1/N.

Impulse trains: The Fourier transform of an impulse
train is another impulse train!
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Agdgenda for Recitation

e Circular convolution
e Impulse trains

[ What questions do you have from lecture?
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Convolution: Three Ways

The signal z[n], defined below, is zero outside the indicated range.

Consider three ways to calculate the convolution of z[n] with itself.
1. direct convolution:

o0

yi[n] = (z x x)[n] = Z x[m]a[n—m)
2. using DTFTs:
yg[n]zzi X2(Q)eIM 40 where X (Q) = i 2[n)e9n
™ Jor n=-—00

3. using DFTs of length N=16:
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ys[n] =16 Y X2[KleT6 " where X[k = — Y a[n]e I T6 "
k=0

=i n=0



Convolution: Three Ways

The plots on the right show the first ten samples of five signals.
Match the signals on the left with the corresponding plots on the right.

2
Aol
2
1= (T * ) B (1):% ? I .,
=DTFT ' (X?(Q)) C %1
v2= 0 —T—o-o-o-o-oj—o— n
2
y3 = NxDFT " (X2[k]) D (1)11 11 .
2



Convolution: Three Ways

Calculate (z*z)[n] by direct convolution: flip and shift.

o0

yiln] = (@xx)ln] = Y a[mleln —m]

m=—00

x[m] : i i m

I
zln—m]| i i [ E count overlap with z[m]
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Convolution: Three Ways

Calculate (a*x)[n] by direct convolution: superposition.

oo

yiln] = (@xz)ln] = Y x[mlzln —m]

m=—0oQ

z[0] X z[n — 0] :

z[1] x z[n—1] : i i i n

2[8] x 2[n—8] - I |
wnln : z:HT ” [
0 8 16

Note: Superposition and flip-and-shift are equivalent methods.
They always give the same answer.



Convolution: Three Ways

Plots on the left show the first ten samples of five signals.
Match signals on the left with corresponding samples on the right.
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Convolution: Three Ways

Calculate (a*z)[n] using DTFTs.

1
o0 0 n
X(Q) = Z x[n]eijQ” =1+ 0 I80

n=-—oo

X2(Q) _ (1 +6—JQ + e—]8Q) _ 1+2€—]Q+€—]2Q+2€—]8Q+26—J99+e—]169

1
yQ[TL] B % 27
_ 1 (1_'_267]'9_1_67]'251_’_267]'89_’_267]'952_"_67]'169)ejﬂn 40
27T 2
= 0[n] 4+ 26[n—1] + 6[n—2] + 26[n—8] + 25[n—9] + d[n—16]

X2(Q)e " d

y2[n]

Al

0 8 16
Multiplying DTFTs is always equivalent to direct convolution.




Convolution: Three Ways

Plots on the left show the first ten samples of five signals.
Match signals on the left with corresponding samples on the right.
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Convolution: Three Ways

Calculate (a*z)[n] using DFTs (N = 16).

1 2k 1 2m 2n8k
X[k = — S znle i T6 " = (1 A 4 I )
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256 —
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256
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2
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0 n
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Since N=16, the sample at n=16 in direct convolution aliases to n=0.
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Convolution: Three Ways

Plots on the left show the first ten samples of five signals.
Match signals on the left with corresponding samples on the right.
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Circular Convolution

Multiplication of DFTs corresponds to circular convolution in time.

sume that F'[k] is the product of the DFTs of f,[n] and f3[n].

where fg,[n] = fo[nmod N] is a periodically extended version of f,[n].
We refer to this as circular or periodic convolution:

@Mk 2 R x B

As-



Circular Convolution
Circular convolution is equivalent to conventional convolution followed by
periodic summation of results back into base period.
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Circular Convolution

Circular convolution of two signals is equal to conventional convolution of
one signal with a periodically extended version of the other.
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Impulse Trains: DFT
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Let N =24. Determine Xj[k], the DFT of z[n].




Impulse Trains: DFT
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The fundamental period of ;[n] is 12 samples, while the
fundamental period of Xj[k] is 24/12 = 2 samples.

AT

0 2 4 6 8 1012 14 16 18 20 22

X4[K]




Impulse Trains: DFT
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Let N =24. Determine Xy[k|, the DFT of az[n].




Impulse Trains: DFT
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The fundamental period of x[n] is 6 samples, while the
fundamental period of Xy[k] is 24/6 = 4 samples.

1P

Xo[k]

FaVaVall WaVaVall WaVaVall WaVaVall WaVaVall WaVaVal
A=A A4 A A A4 KA A4 KA A4 A=A A4 A~ A4

0 4 8 12 16 20



Impulse Trains: DFT

Suppose that N is an integer multiple of L. Using an
analysis window of length N, determine the DFT of

fln] = 6[n— mL].

Hint: Generalize the work we've done so far.




Impulse Trains: DFT

Suppose that N is an integer multiple of L. Using an
analysis window of length N, determine the DFT of

fln] = 6[n— mL].

Hint: Generalize the work we've done so far.

Flk] = %Z(S[n —mi]

The fundamental period of f[n] is L samples, while the
fundamental period of F[k| is N/L samples. Notice that
the fundamental periods in time and frequency are
inversely proportional: A “stretch” in one domain
corresponds to a ‘“‘compression’” in the other domain.



Impulse Trains: CTFT

Let T > 0. Determine F(w), the Fourier transform of
f()=>_6(t—mT).

Hint: f(¢) is periodic.




Impulse Trains: CTFT

Let T > 0. Determine F(w), the Fourier transform of
=> 6(t—mT).

Hint: f(t) is periodic.

Start by computing the Fourier series coefficients F[k].
Relate the Fourier series to the Fourier transform F(w).

1

Fli = T/Té(t)dt:; (for all k)

= 2 F[k]o(w — kwo) = Z §(w
k

The period in time is T. The period in frequency is 27/ T.



Impulse Trains: DTFT

Let N > 0. Determine F(Q2), the Fourier transform of
fln] = 6[n— mN].

Hint: f[n] is periodic.




Impulse Trains: DTFT

Let N > 0. Determine F(Q2), the Fourier transform of
= Z d[n — mN].

Hint: f[n] is periodic.

Start by computing the Fourier series coefficients F[k].
Relate the Fourier series to the Fourier transform F(Q).

Za *JQ”:% (for all k)
Zsz 5( — kD) = 2”25 — k)

The period in time is N. The period in frequency is 2w/ N.



Lessons Learned

Multiplication of DFTs corresponds to circular
convolution in the time domain: F[k]G[k] < L (f® g)[n].

Circular convolution: +(f® g)[n] < F[k]G[k]
e Compute the usual convolution (f % g)[n] to start.
e Wrap (f*g)[n] into [0, N — 1] and scale by 1/N.

Impulse trains: The Fourier transform of an impulse
train is another impulse train!

Zén—mL] <~ Fk] = iZ&[k—m%]

Zét—mT)(z)F 27T25w— s




Question of the Day

Suppose that f[nr] is non-zero only over 0 <n < L -1, and
suppose g[n] is non-zero only over 0 < n < M—1. Now, zero-
pad both f[n] and g[n] to a length N > L, M. Determine the
smallest N such that (f*xg)[n]=(f®g)[n] for 0<n< N —1.

Takeaway: You can zero-pad signals to a length > N to
prevent circular-convolution artifacts, i.e., “time-aliasing.”




