6.3000 Final Exam

Fall 2022

Name:

Kerberos (Athena) username:

Solutions

Please WAIT until we tell you to begin.

This quiz is closed book, but you may use three 8.5 x 11 sheets of notes (six sides).

You may NOT use any electronic devices (such as calculators and phones).

If you have questions, please come to us at the front of the room to ask.

Please enter all solutions in the boxes provided.
Work on other pages with QR codes will be considered for partial credit.
Please provide a note if you continue work on worksheets at the end of the exam.

Please do not write on the QR codes at the bottom of each page.
We use those codes to identify which pages belong to each student.

Trigonometric Identities Reference

cos(a+b) = cos(a) cos(b) — sin(a) n(b)
sin(a+b) = sin(a) cos(b) + cos(a) sin(b)

a—b
(T)
. . . a—b
sin(a) + sin(b) = 2sin < ) 0s (T)
cos(a+b)+cos(a—b) = 2cos(a)cos(b)
sin(a+b)+sin(a—b) = 2 sin(a)cos(b)

2cos(a)cos(b) = cos(a—b)+cos(a+b)
2sin(a)cos(b) = sin(a+b)+sin(a—Db)

cos(a) + cos(b) = 2cos ( ) cos

cos(a+b)—cos(a—b) = —2sin(a)sin(b)
sin(a+b)—sin(a—b) = 2 cos(a)sin(b)
2sin(a)sin(b) = cos(a—b)—cos(a+b)

2cos(a)sin(b) = sin(a+b)—sin(a—D>b)
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The Third Element (30 points)

Each part of this problem describes a different discrete-time signal f; [n] and then asks you to determine the k = 3
component of the DFT of that signal, where the DFT is computed with analysis window N = 16:

15
1 —j273n/16
Fil3] = —16n§o filnle ™

Parta. Let f1[n] = (—1)™ Enter a closed form expression for Fy[3] in the box below.

F1[3] = 0

The basis functions for DFTs of length N=16 are of the form e )27kn/16 Therefore f1[n] = (—1)™ = e~ J278n/1¢6
contains a single basis function, and that basis function is at index k=38. Since the k=8 and k=3 basis functions
are orthogonal, F; [3] must be zero.

Mathematically:
1 N-—1 1 N—1 1 N—1
_ —j2mkn/N _ N —j2mkn/N _ —jmn —j2mkn/N
Fﬂk}_‘\‘goﬁ[n]e o _NT;( Ve _NT;)Q e

1 N-—1 1 N—1 1 1 e im22
_ —jnNn/N ,—j27tkn/N _ * —jmt(2k+N)n/N _ — _
—NZe € —NZe _]6<]ej7r22/16>_0

Partb. Let f2[n] = cos(37n/8). Enter a closed form expression for F»[3] in the box below.

F2[3] = !
jemmn/16 —j6rm /16 15 .
fa[n] = cos(3m/8) = € +2e _ Z Fz[k]e)ZTckn/lG
k=0

Since the basis functions for the DFT are orthogonal, it follows that

Fz[k]:{; ifk =3ork=13
0 otherwise
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Part c. Let f3[n] = cos(3nn/8 — 97/8). Enter a closed form expression for F3(3] in the box below.

F3[3] — %efj2719/16

Since
f3[n] =f2[n -3
it follows that
Falk] = ¢ 2™/ 10, i

Therefore F3[3] = %e*ﬂ”?/w.

Part d. Determine a closed-form expression for F4[3] where

fan] = (d+1] + 8m—2]) x (d[n+1] — d[(n—1])

F4(3] = -el3m/8

Multiplying (8[n+1] 4+ 6[n—2]) x (6[n+1] — 6[n—1]) results in a single delta function:
fan] = dn+1]

Therefore F4 k] = ]1—66*52”2“/16 = J—Ge*jﬂk/“ and F4[3] = 11*667]'371/4.
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Part e. Determine a closed form expression for F5[3] where

Fall 2022

1]_69)16 )

1,-j2n3/16

N—1 N
Fsk] = 1 Z 1 neﬂ'ann/N B 1 1— (%) e—i2mkN/N B 1

n=0

Substituting k = 3 and N = 16 yields
1

1—(2)16
16 \ 1 Tei2m3/16

F5[3] =

N
1-(3)
_ %eszm/N

£

Part f. Let fg[n] represent a discrete time signal whose Discrete Cosine Transform (DCT) coefficients Fcglk] are

given as follows:

1 51k
FCG[k] = ﬁ Ccos (3—2)

Let Fg[k] represent the Discrete Fourier Transform (DFT) of fg[n]. Determine a closed-form expression for Fg[3].

Fgl3] =

1 .
ﬁe

j3mt/4

Notice that Fcglk] is equal to the k" basis function (as a function of k) when n=2. It follows from the DCT
analysis equation that f[n] = d[n — 2] The DFT of f[n] = 8[n—2] is

15
Fslk] =

1 Discrete Cosine Transform (DCT)

1 —j27tkn/16
13 Zoé[n—Z]e JETRN/ 16 — 1—6
n=

1T 12n/16
6

(analysis)

(synthesis)
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Frequency Response (30 points)

Let X(w) represent the following Fourier Transform (CTFT) of the continuous-time signal x(t).

X(w) = {ej“’ if—-mt<w<mn
0 otherwise

Part a. Determine a closed-form expression for x(t).

sin(7t(t+1))
mt(t+1)

x(t) =

Plot x(t) on the axes below. Indicate the times and values of all key features of your plot.

x(t)
-1
f ~_" T ~—1 1
—4 -3 —2 —1 1 2 3 4
T jw(t+1) ™ 25 si :
x(t):]J' e]“’e)wtdw:l e. _ )SITI.(TE(tvL”) 251n(71(t+1))
2 | 2 G(t+1) | 2mj(t+ 1) (t+ 1)
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Part b. Let y[n] represent the discrete-time signal that results from sampling x(t) once every A = % second.

Determine Y(Q), which represents the discrete-time Fourier transform (DTFT) of y[n]. Plot the magnitude and
angle of Y(Q) on the axes below.

Y(Q)
-2
I T T 1QQ
—27 —37/2 — —1/2 /2 T 3m/2 2n
LY(Q)
R4 T R
f T A T T ,4', T Q
—27 —3n/2 T —m/2 w2 ST 3m/2 21
” —T7T <
Determine an expression for y[n/.
B sin 7r(n2+2)
ynl = T ant2)
2
sin(m(t+1)) sin(m(% + 1)) sin(%(n+2))
yn] =x(nA) = ———— = = =
mt+1) LA (5 +1) n(n+2)

Since y[n] is a sinc function of n, Y(Q) is a lowpass filter with cutoff frequency 7 and DC value 2. There is a
also a time shift of 2 since n has been replaced by n + 2. This time shift introduces a phase lead of 2Q). The final
answer is
Y(Q) = { 2329 if —t < (Q+27wm) < 7 for some integer m
0 otherwise
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Part c. Let z[n] represent the discrete-time signal that results from sampling x(t) once every A = 1 second.
Determine Z(Q), which represents the discrete-time Fourier transform (DTFT) of z[n]. Plot the magnitude and

angle of Z(Q)) on the axes below.

1Z(Q)]
1
I T T T T T T 10
27 —3m/2 — —7/2 /2 T 3mt/2 2m
1Z(Q)
.- 7 pr

T T T T T T Q
—27 —3m/2 —T —m/2 /2 Tt 37[%”

Determine an expression for z[n].

sin(t(n+1)) _ 5[T1+ ]]

zln] = t(n+1)
i 1 i 1
zn] = x(nA) = M :M:MHJFH
wt+1) |7 n(n+1)
The DTFT of 6[n] is 1. The time shift introduces a phase lead of Q. Thus

Z(Q) =&
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Plaids (32 points)

Each part of this problem shows a 2D (12 x 12) Discrete Fourier Transform (DFT) F; k., k] for which you must
find the corresponding 2D signal f;[r, c]. The values of the DFT F;[k:, k] are real numbers that are displayed as
brightnesses defined by the associated color bar.

Enter each non-zero value of fi[r, c] in the grid shown below the DFT. Empty cells in the grid will be taken as 0.

Fl [k i) k r:]
5 1.0
0.8
0.6
iy
0 0.4
0.2
51, . . 0.0
6 0 5
ke
fT [T) C]
-6 —72
—
% 0 72
—
5
-6 0 5
column ¢

F1[kr, K] can be written as (1— cos(mk,))/2 = (1—eI™%r) /2. Substituting this into the synthesis equation yields
R—1 C—1

f1 [T‘, C] _ Z Z 1(]_ejﬂkr)e)'27rk,-r/Rej27rkcc/C

k=0 k=0 2

1 R—1 C—1 1 R—1 C—1
_ i27tk, /R j2rkec/c | ! i27k, (r+R/2) /R i27tkec/C
_ 2 Z o) 27tk Z o) c 5 Z e) T Z o) c

Ky =0 —0 Ky =0 —0

] ] 72 ifky = ke =0

= ERC 6[1’]6[0]—2RC5[T+R/2]5[C] =4 —72 ifk,=—-6and k. =0
0 otherwise
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In the following image, white, gray, and black represent pixel values of 1, 0, and —1, respectively.

F2[k'n k'c]
6 1.0
0.5
& 0 0.0
—0.5
5 -1.0
-6 0 5
ke
f‘2 [T) C]
-6 72
—
% 0 72
—
5
-6 0
column ¢

F>[kr, kc] can be written as %(—1 )kr 4+
yields

N[—=

— 1
fz[T‘,C] Z Z ( e]ﬁkr+ e)’T[k ) e]Zﬁk r/RejlnkCc/C

— 2

72
RC

RC ifr=—6andc=0
= 76 [r+R/2]6[c] + 76[ dle+C/2l =< 72

ifr=0andc=—-6
0  otherwise

10

Fall 2022

(—1)ke = JeJ™kr 4 Lei™ke Substituting this into the synthesis equation
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In the following image, white, gray, and black represent pixel values of 1, 1/4, and —1/2, respectively.

F3[kn k'c]
1.0
0.5
a7
0.0
—0.5
6 0 5
ke
f‘3 [T) C]
-6
36
—
% 0 36 36
—
36
5
—6 0 5
column ¢

F3 [k, kc] can be written as ; cos(2mk,/3) + 5 ! cos(2mk./3). Substituting this into the synthesis equation yields

R—1 C—1

1 . .
Z Z ( cos(2mk,/3) + zcos(anc/3)> ei2mk:t/R gj2mkee/C
—0 k=0
R—1 C—1
Z Z ( el 27k /3 ]e—ilnk,v/3 + 1ej27ﬂ<c/3 + 1e—j27'ckc/3> )27kt /R gi2mkec/C
Kr—0 ke—0 T3 4 4
36 ifr=-—4andc=0
36 ifT:4andc:O
RC L RC RC RC
N Té rHR/315 4 6[T_R/3}6[C]+76[ le+C/3] +Té [e—C/3]+ 36 ifr=0andc=—4

36 ifr=0andc=4

0 otherwise

11
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In the following image, white, gray, and black represent pixel values of 1, 0, and —1, respectively.

F4[kn k'c]
1.0
0.5
& 0.0
—0.5
-1.0
6 0 5
ke
falr, c]
—6
36 36
—
% 0
—
36 36
5
—6 0 5
column ¢

F4lkr, kel can be written as (cos(27k, /4) * cos(2mk./4))/2. Substituting this into the synthesis equation yields

ifr=—3andc=0
ifr=3andc=0
ifr=0andc=-3
ifr=0andc=3

R—1 C—-1
falr,c] = Z Z cos(27ke /4) cos(2mk, /4)eI2TkrT/Rgi2mkee/C
kr=0k =0
R—1 C—-1
Z Z e)znkr/4+ ]e j2mk. /4 161'27ch/3+1e*]'27'[kc/3 e]'27Tk1~T/Re].27TkCC/C
S s 2 2 2
36
36
RC RC RC RC
= = Slr+R/418lc] + == 8lr—R/418lc] + = 8lrlsle+C/4] + —=8[rIsle—C/41 = < 36
36
0

12

otherwise
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Related DFTs (28 points)

Let f[n] represent a periodic, discrete-time signal with period N=30 so that f[n] = f[n+30] for all n. The follow-
ing plots show one period of f[n] along with the magnitude and angle of its Discrete Fourier Transform (DFT)
computed with an analysis window of length N=30. The magnitude plot has been scaled so that the maximum
magnitude is 1.

fin] |F[k1] (normalized) LFIK]
1{ o 14 A ? ?

il I mrr,%l i%
! ) o 4

T T T T T T T I = L) T T L) T
0 10 20 29 0 10 20 29 0 10 20 29
time index n frequency index k frequency index k

Seven signals (g7 [n] through g7[n]) are derived from f[n] as shown below.

normalized

magnitude angle
g1[n] = f2[n] F c
g2ln] = eI/ 3fn] G e
g3[n] = e)™/3f[n] H d

(H f[(n-15)]) /2 B f

(f[n]—F[n-15)])/2 C g

:{ n/2 if n is even I ;
otherwise

n] = fin+ A a

Determine which of the panels (A-]) on the following page shows the magnitude of the DFT of each of the derived
signals and write the letter for that panel in the corresponding box in the magnitude column above.

Similarly, determine which of the panels (a-j) on the subsequent page shows the angle of the DFT of each of the
derived signals and write the letter for that panel in the corresponding box in the angle column above.

The same panel may be used more than once.

13
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Magnitude Plots for Problem 4: the magnitudes in each plot have been scaled so that the largest magnitude in

each plotis 1.

A
1
0 B T T T T
10 20 29
frequency index k
B
1
0 T T T T
(0] 10 20 29
frequency index k
C
1 [3
0 T T T
(o] 10 20 29
frequency index k
D
1
(o]
(0] 10 20 29
frequency index k
E
14
0 B T T T T
(0] 10 20 29

frequency index k

14

i

10 20 29
frequency index k

[eF

é

10 20 29
frequency index k

O

o

10 20 29
frequency index k
|
—1® @
0 10 20 29

frequency index k

§

10 20 29
frequency index k

O
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Angle Plots for Problem 4.

—IT < T T T
(] 10 20 29
frequency index k
b
m <
0 -
=TI T T T
(o] 10 20 29
frequency index k
C
n [
0 4
- e . .
(o] 10 20 29
frequency index k
d
14
0 -
—IT o T T
(] 10 20 29
frequency index k
e
n ® ®
0 4
—-n T T T T
(o] 10 20 29

frequency index k

15

f
0 10 20 29

frequency index k

g
I‘
' T T
10 20

frequency index k

oA

h
0 10 20 20

frequency index k

oA
[
o
N
o
N
©

frequency index k

i

o
=
o
N
o
N
©

frequency index k

Fall 2022
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Highpass and Lowpass Filtering (30 points)

In this problem, we will determine the 1D and 2D unit-sample responses for high-pass and low-pass filters based

on the Discrete Fourier Transform (DFT).

Part a. Start with the 1D case. The following plot shows one period of G[k], which is a DFT of length N = 48 that
passes low frequencies with [k| < W, where W is a positive integer constant (W = 5 in this example).

1 if [kl <W
Glk] = =
[ {O otherwise
1

~QO0000000000000000K X k
—24 -5 0 5 23

The inverse DFT of G[k] is given by the following equation and plotted below:
_sin(m(ZW+1)n/N)

sin(mtn/N)

Let H[k] represent the complementary high-pass filter given by the following plot:

H[K] = 1 ifW<.|k| <N/2
0 otherwise

YOO ) et T k
—24 -5 0 5 23

Determine a closed-form expression for h[n]. Enter your expression in the box below.

sin(mtn/N)

Plot the discrete-time function h[n] as a function of n on the axes below. Label the important features.

16
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Part b. Next, we wish to specify a two-dimensional image-processing filter with the following properties:

o The filter should pass low frequencies in the horizontal direction (|k.| < W, where W, is a positive integer
constant) and remove high frequencies in the horizontal direction (W, < [k.| < %)

o The filter should also pass high frequencies in the vertical direction (W, < [k;| < % where W; is a positive
integer constant) and remove low frequencies in the vertical direction (|k.| < W;).

The images have R=48 rows of pixels (indexed by r, where —& < r < %) and C=48 columns of pixels (indexed

by ¢, where —% <c< % ), and the unit-sample response of the image-processing filter is represented by h[r, c].

Let H[kr, k¢] represent the DFT of h[r, c]. The values of H[k., k.] should be 1 for frequency indices k., k. that are
passed by the filter and O for frequency indices that are not passed. On the diagram below, indicate the region (or

regions) of Hlk., k] that are equal to 1. Fully label the region(s) in terms of the constants W,, and W, (where
W, =5and W, = 2).

_24_
-12 1
L —Wr
¢ o- -we W
A

12
23_| T T T

-24 -12 0 12 23

ke

Black pixels represents regions in the passband (i.e., their values are 1) and white pixels represents regions in the
stopband (i.e., their values are 0).

Enter a closed-form expression for the unit-sample response h[r, c] in the box below.

sin(mt(2W¢+1)c/C) sin(mt(2W;+1)r/R)
hir,el = < sin(mc/C) ) (Ré[r] B sin(mtr/R) )

! - 3 1 . .
hir,c] = — Z Z e J2mkee/C—j2mker/R _ 1 Z e—i2mkee/C Z o127k, /R
RC RC
ke <We Wrg‘kr‘g% ke <We Wr<‘kr‘<%

Notice that hlr, c] is the product of a lowpass filter in the c direction times a highpass filter in the r direction:

[ sin(mt(2ZW,+1)c/C) sin(m(2W,+1)r/R)
hiry e = < sin(mc/C) > (R&[ﬂ B sin(mr/R) >

17
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Part c. Each of the following panels (A-H) shows the unit-sample response of a two-dimensional image-
processing filter. The brightness scale is the same for each figure, with white representing pixel values that are
greater than zero and black representing pixel values that are less than zero.

A B C D
-24 -24 -24
2 2 2 2
-12 -12 -12
[ 0 - 0 0 - 0 0 - 0 0
12 12 12
-2 -2 -2 -2
23 23 23
-24 -12 0 12 23 -24 -12 0 12 23 - -24 -12 0 12 23
c c c c
-24 -24
2 2 2 2
-12 -12
“ 0 0 - 0 0 - 0 - 0
12 12
-2 -2 -2 -2
23 23
-24 -12 0 12 23 -24 -12 0 12 23 -24 -12 0 12 23
c c c c

Determine which panel corresponds to the unit-sample response h/[r, c] of the filter that passes low frequencies in
the horizontal direction and high frequencies in the vertical direction (as described in partb). Enter your answer
in the box below.

answer (A-H) = D

18
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