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Discrete Fourier Transform 1

e Discrete Fourier Transform (DFT)
e Relations to Discrete-Time Fourier Series (DTFS)
e Relations to Discrete-Time Fourier Transform (DTFT)
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Yet Another Fourier Representation

Why do we need another Fourier Representation?

Fourier series represent signals as sums of sinusoids. They provide insights
that are not obvious from time representations, but Fourier series are only
defined for periodic signals.

X[k] = Z x[n)e=72mkn/N (summed over a period)
n=(N)

Fourier transforms have no periodicity constaint:
o0

X(Q) = Z z[n]e 7 (summed over all samples n)

n=—oo
but are functions of continuous domain (£2).
— not convenient for numerical computations

Discrete Fourier Transform: discrete frequencies for aperiodic signals.



Discrete Fourier Transform

Definition and comparison to other Fourier representations.

analysis
1 21k
. _ —i5n
DTFS: X[k =+ > zn)e™N
n=(N)
DTFT: X(Q) = > afne /"
N-1
1 21k
. _ -5
DFT: X[k] =~ ZO xz[nle™ N
n=

Major differences:

synthesis
21k
z[n] =) X[kle! N "
k=(N)
1 iQn
z[n] =— [ X(Q)e?*"dQ
27T 2mr

DTFS: z[n| is presumed to be periodic in N

DTFT: z[n] is arbitrary

DFT: only a portion of an arbitrary x[n] is considered



Relation Between DFT and DTFS

If we compute the DFT with a window length N that is equal to the period
of a periodic signal, then the DFT and DTFS coefficients are equal.

Let z1[n] = cos 2Z%. Then the DFT coefficients computed with N=64 are

X[kl == 2[nje I TEN — %(S[k -1]+ %5[/<; — 63

X1[K]

]

0 -9 - k
0 64

These DFT coefficients are the same as the Fourier series coefficients.



Relation Between DFT and DTFS

If a signal is not periodic in the DFT window length N, then there are no
Fourier series coefficients to compare.

Let za[n] = cos 2T, Then if N=64, the DFT coefficients are

1 N-1 o
Xolk] = = > walnle TN

| Xa[K]|

1

2

0 MTIL k
0 64

Even though z2[n| contains a single frequency Q = 37 /64, there are large
coefficients at many different frequencies k.

The reason is that z3[n] is not periodic in n with period N = 64.



Relation Between DFT and DTFS

Although z3[n] = cos3g—4" is not periodic in N=64, we can define a signal
x3[n] that is equal to z3[n] for 0 < n < 64 and that is periodic in N=64.

0 64 128

o

el |

0 64
Furthermore, the DFT coefficients of x3[n] equal the DTFS coefficients of
xg[n]. The large number of non-zero coefficients are necessary to produce
the step discontinuity at n = 64.



Two Ways to Think About the DFT

We just compared the DFT to the DTFS:

1. The DFT of a signal z[n] is equal to the DTFS of a version of z[n]
that is periodically extended so that it is periodic in V.

— emphasizes the importance of periodicity in time.

2. We can also gain intuition for the DFT by comparing it to the DTFT.



Relation Between DFT and DTFT
The DFT can also be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 3.

Let x[n] = z[n] X w[n] represent a windowed version of z[n] where

{1 0<n<N

wn] = )
0 otherwise

Then the Fourier transform of x,[n] is

0 o N-1
Xw(Q) = Z Ty [n)e I = Z z[n]wln]e 9" = Z x[n]e 7
n=—oo n=—oo n=0

Sample the resulting function of  at Q = 22k

x (25) - S e ()

N

n=0
Divide both sides by N:
N-—1
1 ok 1 i(2mkY, o
~ X <N> =¥ ; z[nle (55)m — X|[k], which is the DFT of [n]



Relation Between DFT and DTFT

Graphical depiction of relation between DFT and DTFT.
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Relation Between DFT and DTFT
Graphical depiction of relation between DFT and DTFT.

¥ Xuw(5E)
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0 N-1

While sampling and scaling are important, it is the windowing that most
affects frequency content.



Effect of Windowing on Fourier Representations

Determine effects of windowing on signals with a single frequency (Q,.

Step 1: Find X (), the DTFT of a complex exponential signal:
x[n] = gJSlon

Step 2: Find X,(f2), the DTFT of a windowed version of z[n]:

Ty [n] = z[n]wn]

Step 3: Compare X, (£2) to X(£2).



Effect of Windowing on Fourier Representations

Step 1: Find X(Q2), the DTFT of a complex exponential signal:

z[n] = ISton



Effect of Windowing on Fourier Representations

Step 1: Find X(Q2), the DTFT of a complex exponential signal:

z[n] = ISton

The direct form of this transform

oo 00 o
X(Q) = Z l‘[n]efjﬂn = Z eltone=ifin — Z e~ 3(2—Q0)n
n=co n=00 n=00

is difficult to evaluate because it requires an infinite sum of nonzero terms.

Notice however that all of the energy in this signal is concentrated at a
single frequency Q = Q,. Since there must be an infinite amount of energy
concentrated at Q = ,, we might suppose that X (€2) should contain a
delta function at Q = Q,.



Effect of Windowing on Fourier Representations

Step 1: Find X(Q2), the DTFT of a complex exponential signal:
z[n] = ISton

The DTFT of a complex exponential is a train of impulses.

X(Q)
T I T Q
—27 Q, 27
This is easy to verify using the DTFT synthesis equation.
1 iQn
z[n]=— [ X(Q)e*"dQ
27T 2

Lo |
- / 28200 a0

= [ 3(Q-Qp)el " dQ = Ion / 5(2-9,) dQ

—Tr —T

— eonn



Effect of Windowing on Fourier Representations

Step 2: Find X, (), the DTFT of a windowed version of z[n]:

zw[n] = z[n)w[n] = e?*Mw(n]



Effect of Windowing on Fourier Representations

Step 2: Find X, (), the DTFT of a windowed version of z[n]:
— eon’n

zy[n] = x[n]wln] wln]
e . .
Xuw(2) = Z eIStonqp[n)e I8 DTFT analysis equation
n=-—o0o
s -
= Z w(n]e (4 %on combine exponential terms
n=-—oo
= W(Q—-Q) DTFT of wn], shifted in frequency

The DTFT of a windowed version of a complex exponential signal is a
shifted version of the DTFT of the window signal.

eSonyn]  ZZET W(Q - Q)

— Need to know W(Q).



Effect of Windowing on Fourier Representations

Simplest window is rectangular, with width of N (length of DFT analysis)
1 0<n<N
w(n] = .
0 otherwise

as shown below for N = 15.

w[n]
Woimmim‘xwmm
0 15

The DTFT of wn] is

00 —jQN NQ
1—e™/ sin 5= _.gN-1
W@ = 3 wlnlein = zewn: T _ sy el
= 1—e7J sin 3
W(Q)

2 15Zt 2
Q

-2 0 2



Effect of Windowing on Fourier Representations

The DTFT of a windowed version of a complex exponential signal is a
shifted version of the DTFT of the window signal.

Tyn] = /o] ZEET X, () = W(Q2-Q)

(W ()]
2 15 Zt 2
Q
=27 0 2

[ Xw(Q)] = [W(2-80)]

? 15 J? ?
Q

=27 0 2



Effect of Windowing on Fourier Representations

Step 3: Compare X, (2) to X(Q).

X ()
z[n] = eIfton  DIET T “ 27 T
T T T Q
—27 Q, 2T
| X ()]
1
Ty[n] = z[njwn] =L H b M H
Q
—27 0 2T

The frequency content of X (2) is at discrete frequencies Q2 = , + 27m.

The frequency content of X,,(Q2) is most dense at these same frequencies,
but is spread out over almost all other frequencies as well.



Relation Between DFT and DTFT

The DFT can be thought of as samples of the DTFT of a windowed
version of z[n| scaled by 1/N.

L X ()
DFT
n k
N 0 N
2 2
. sample: Q — 2k
window scale: 1/N
X,(Q)
n f T —
—Tr 0 ™

0 N-1

Next: apply these steps to a sinusoidal input.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = 3T

original signal X(Q)
ofn] = efon pIET T H 2 T
T T T Q
-2 Q, 2T
windowed [ Xw ()]
15
Ty[n] = z[njwn] L M M M
Q
=21 0 2T
| X ()]

8
g
=,

I
2
=,
£
=,

1=

H
—_
> |
= :

One sample is taken at the peak, and the others fall on zeros.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = I.

original signal X(Q)
ofn] = efon pIET T H% T
T — —
-2 Q, 2T
windowed [ Xw ()]
1
Ty[n] = z[njwn] L M g M M
Q
—27 0 2
| X ()]
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Ty[n] = z[njw[n] 2= | 1 | |
Q

—27 0 2

One sample is taken at the peak, and the others fall on zeros.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = °T.

original signal X(Q)
ofn] = efon pIET T ‘ Tzw T
— — ——
-2 Q, 2T
windowed [ Xw ()]
1
Ty[n] = z[njwn] L M g M M
Q
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One sample is taken at the peak, and the others fall on zeros.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = 2T

original signal X ()
ifn] = ffon DrET T H% T
| I | Q
—27 Q 2
windowed |Xw(Q \
15
Q
=21 0 2T
sampled and scaled |Xw(9)\
1

Ty[n] = znjwn] =

=
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—27 0 2

Now none of the samples fall on zeros.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = 3T

original signal X(Q)
ofn] = efon pIET T H 2 T
T T T Q
-2 Q, 2T
windowed [ Xw ()]
15
Ty[n] = z[njwn] L M M M
Q
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %2~

original signal X(Q)
afn] = f%n DIET T H o T
T — T Q
-2 Q, 2T
windowed [ Xw ()]
15
Ty[n] = z[njwn] =L M M M
Q
=21 0 2T

o

| X ()]
Ty[n] = z[n|w[n] 2= | 1 | |
*000 ()
—27 0 27

Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %1~

original signal X(Q)
ofn] = efon DI T H‘% T
T — T Q
-2 Q, 2T
windowed [ Xw ()]
1
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %%,

original signal X(Q)
x[n] — ejQOn DLFJ T ‘T 2m T
™ T ™ Q
-2 Q, 2T
windowed | Xw ()]
15
Ty[n] = z[njwn] =L M M M
Q
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1
Ty[n] = z[n|w[n] 2= ]j Ij ]j
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %3~

original signal X(Q)
ofn] = efon DI T H‘% T
— — — Q
-2 Q, 2T
windowed [ Xw ()]
1
Ty[n] = z[njwn] =L M g M M
Q
—27 0 2
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = 2T

original signal X(Q)
ofn] = efon pIET T H% T
— — — Q
-2 Q 2T
windowed [ Xw ()]
15
Ty[n] = z[njwn] L M M M
Q
=21 0 2T
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = 32T,

original signal X(Q)
ofn] = efon DI T H% T
T — — Q
-2 Q 2T
windowed [ Xw ()]
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %1%,

original signal X(Q)
2ln] = efon DIEE T sz T
T — T Q
-2 Q 2T
windowed | Xw ()]
15
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations

The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = 3T,

original signal X(Q)
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Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed

version of z[n] scaled by 1/N. Here Q, = %37,
original signal X(Q)
x[n] — ejQOn DLFJ T ‘ T27T T
— — —Q
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15
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Q
—27 O 2

o

Tyn] = x[njwln] = A | melm

-2

Generally, the relation between the samples is complicated.



Effect of Windowing on Fourier Representations
The DFT can be thought of as samples of the DTFT of a windowed
version of z[n] scaled by 1/N. Here Q, = I.

original signal X(Q)
ofn] = efon pIET T H% T
T — —
-2 Q, 2T
windowed [ Xw ()]
1
Ty[n] = z[njwn] L M g M M
Q
—27 0 2
| X ()]
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Ty[n] = z[njw[n] 2= | 1 | |
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Generally, the relation between the samples is complicated.



Spectral Blurring introduces a Time/Frequency Tradeoff

Longer windows provide finer frequency resolution.

N =16 ij
— <«— 47 /N Pis
ST T
—» <«—47/N T
N =64 m
Tl Q
—» <«—47/N Pis

The width of the central lobe is inversely related to window length.



Frequency Resolution

The DFT analysis period N determines both the window in time that is
analyzed and the frequency resolution of the result.

The time window is divided into N samples numbered n =0 to N—1.

[ ] time
0 1 N—-1 N n [samples]
0o+ Nf;l fﬂs t [seconds]

Discrete frequencies are similarly numbered as k =0 to N—1.

f ] frequency
0 1 N-1 N k
0 Zﬁ 2 Q [rad/sample]
0o & fo  fH2)

As the analysis length N increases, both temporal duration and spectral
resolution increase.



Two Ways to Think About the DFT
Compare to DTFS:

1. The DFT of a signal z[n] is equal to the DTFS of a version of z[n]
that is periodically extended so that it is periodic in V.
— emphasizes the importance of periodicity in time.

Compare to DTFT:

2. The DFT is equal to samples of the DTFT of a windowed version of
the original signal.
— emphasizes the importance of spectral smear in frequency.

The DTFS and DTFT offer different and complementary
e rules for constructing all of the components of the DFT, and
e intuition for understanding the origin of "extra” components of DFT.



Summary

Today we introduced a new Fourier representation for DT signals:
the Discrete Fourier Transform (DFT).

The DFT has a number of features that make it particularly convenient.
e It is not limited to periodic signals.
e It has discrete domain (k instead of ) and finite length:

convenient for numerical computation.

The finite analysis window of the DFT can smear the resulting spectral

representation.

e The DFT is equivalent to the DTFS of a periodically extended ver-
sion of the input signal. The smear results because of discontinuities
introduced by periodic extension.

e The DFT is equivalent to the DTFT of a windowed version of the input
signal that is then sampled and scaled in amplitude. The windowing
smears the spectral representation because of discontinuities introduced
by the windowing.



Question of the Day

Find an expression for the DTFT of the following signal:
z[n] = (-1)"

Please enter your responses at the following url:

http://bit.ly/4gehFmF



