6.3000 Final Exam

Fall 2023

Name:

Kerberos (Athena) username:

Solutions

Please WAIT until we tell you to begin.

This quiz is closed book, but you may use three 8.5 x 11 sheets of notes (six sides).

You may NOT use any electronic devices (such as calculators and phones).

If you have questions, please come to us at the front of the room to ask.

Please enter all solutions in the boxes provided.
Work on other pages with QR codes will be considered for partial credit.
Please provide a note if you continue work on worksheets at the end of the exam.

Please do not write on the QR codes at the bottom of each page.
We use those codes to identify which pages belong to each student.

Trigonometric Identities Reference

cos(a+b) = cos(a) cos(b) — sin(a) n(b)
sin(a+b) = sin(a) cos(b) + cos(a) sin(b)

a—b
(T)
. . . a—b
sin(a) + sin(b) = 2sin < ) 0s (T)
cos(a+b)+cos(a—b) = 2cos(a)cos(b)
sin(a+b)+sin(a—b) = 2sin(a)cos(b)

2cos(a)cos(b) = cos(a—b)+cos(a+b)
2sin(a)cos(b) = sin(a+b)+sin(a—Db)

cos(a) + cos(b) = 2cos ( ) cos

cos(a—b) = cos(a) cos(b) + sin(a) sin(b)

sin(a—b) = sin(a) cos(b) — cos(a) sin(b)

si
b —b
cos(a) —cos(b) = —2sin (% sin (GT)

—b
sin(a) — sin(b) = 2cos (%b sin (GT)

cos(a+b)—cos(a—b) = —2sin(a)sin(b)
sin(a+b)—sin(a—b) = 2cos(a)sin(b)
2sin(a)sin(b) = cos(a—b)—cos(a+b)

2cos(a)sin(b) = sin(a+b)—sin(a—D>b)
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Discrete-Time Convolutions

Values of the following discrete-time signals are zero outside the indicated ranges.

a[n] b[n] c[nl
e 1 e T e 1
n n n
0 4 0 4 0 4

For each part below, determine if the target signal in the right column can be constructed by convolving (a or b
or c) with (a or b or ¢). If it can, indicate which signals should be convolved. If it cannot, put an x in both boxes.

Notice that there are ten possible answers:
(axa), (axb), (axc), (bxa), (bxb), (bxc), (cxa), (cxb), (cxc), or(x,x).

There may be more than one correct answer for each part, but you only need to find one correct answer for full
credit.

3
2
X X 1
n
Enter a, b, ¢, or x Enter a, b, ¢, or x 0 5 10
3
2
b b 1
n
Enter a, b, ¢, or x Enter a, b, ¢, or x 0 5 10
3
2
X X 1
n
Enter a, b, ¢, or x Enter a, b, ¢, or x 0 5 10
3
b c 2
c b 1
n
Enter a, b, c, or x Enter a, b, c, or x 0 5 10
3
a C 2
c a 1
n
Enter a, b, c, or x Enter a, b, c, or x 0 5 10
3
2
Cc C 1
n
Enter a, b, ¢, or x Enter a, b, ¢, or x 0 5 10
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Frequency Response

Sketch the magnitude and angle of the frequency response of a linear, time-invariant system whose unit-sample
response is given by

h[n] = { O(ni] ifn>1

0 otherwise
where o« = 0.75.
(H(Q)
7"[ —
1Q
2n
_7‘[’ p—

The unit-sample response h[n] is a delayed version of a right-sided geometric sequence g[n|
gnl = a™uln]

which has a Fourier transform

. 1
o n,—jon __
G(Q) = nz_o ate = a0

The delay of one sample introduces a multiplicative phase factor e 7 5o the Fourier transform of h[n] is

HIQ) = e T0G(0) = -
() =e el = ea
Note that denominator is the difference of 2 complex numbers.

fFOo<ua<1:
Im

green arrow: 1
e 0

blue arrow: « '
/ \\ red arrow: 1 — xe 72
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The multiplicative delay term e 7<* in H(Q) has no effect on magnitude so

IH(Q)] = G(Q)]
but subtracts Q) from each phase:

(H(Q) =/G(Q)—-Q
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3 Double DFTs

Let f[n] represent a periodic discrete-time signal with period 4 as described by the following:
fln] =mmod4

Part a. Let F4[k] represent the discrete Fourier transform (DFT) of f[n] when the analysis window N = 4.
Determine the numerical values of F4[k] and enter these values in the boxes below.

Each entry should be simplified to a single complex-valued number of the form a+jb

(no sums of complex exponentials).

F4[0] : 1.5
Falll: 0.5+ 0.5]
F4(2] —0.5
Fa3]: —0.5-0.5]

Briefly explain your reasoning in the box below.

3
Fulkl = 411 Z flnjeI2mkn/4 _ l (O 1 e i2mk/4 | 9,—j2m2k/4 _|_367j27r3k/4)
n=0

Evaluate this gxpression fork =0,1,2 and 3.
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Partb. Let Fg[k] represent the DFT of f[n] (same f[n] as in part a) when the analysis window N = 8.
Determine the numerical values of Fg[k] and enter these values in the boxes below.

Each entry should be simplified to a single complex-valued number of the form a+jb

(no sums of complex exponentials).

Fg[0] : 1.5
Fs[l] 0
Fs(2] : —0.5 + 0.5
Fgl3] : 0
Fsl4] : —0.5
Fg[d] : 0
Fs[6] : —0.5—0.5
Fsl7]: 0

Briefly explain your reasoning in the box below.

Write the expression for Gg[k]. Break that expression into two pieces: n = 0 to 3 and n = 4 to 7. Write each
piece in terms of G4[k]. See detailed argument below.

f[n] e—j27rkn/8

M-

0
—j2mk/8 —j2m2k/8 —j2m3k/8 —j2m5%/8 —j2m6k/8 —j2m7k/8
O+e + 2e + 3e +0+e + 2e + 3e

A~ —~ 3

0+ e I27K/8 L 0p—I272K/8 | 3,i2m3K/8 4 | (L1 keI2mIK/8 4 5(_q)ke—i2n2k/8 +3(_])ke—j27t3k/8)

(efj27tk/8_|_zefj2ﬁ2k/8 _’_3efj27r3k/8) if k is even

otherwise
(efj27r(k/2]/4 4 2e—i2m2(k/2)/4 +3€7j27'[3(k/2)/4) if k is even

otherwise
4lk/2] if kis even

otherwise

Il Il
—N— —— " 0| = 00| —= oo —
ENER @ INNE

o T o
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Part c. Let g[n] represent a periodic discrete-time signal with period 4.
Let G4[k] represent the DFT of g[n] when the analysis window is N = 4.
Let Gg[k] represent the DFT of g[n] when the analysis window is N = 8.

Determine an expression for Gg[k] in terms of G4 [k].
Your relation should not include values of g[n].
Enter your relation in the box below.

G4lk/2] if kis even

Gglk] =
slk] {O otherwise

Briefly explain your reasoning.

3

Z nle —j2ntkn/4
Z nle —j2mtkn/8
Z nle ]27’(le/8 8 Z 9 le —j2mkn/8

1 .
oj2mkn/s 1 —j2mk(n+4)/8
Z Jemen +8Zg[n+4]e’”“
n=0
1 3
Z nle ]27‘[kn/8 8 Z 9 le )Zﬂkn/8ef]Z7Tk4/8
n=0
]ann/S ji2tkn/8( 11k
35 e LS e
n:
+ Z g —j2mtkn/8
B { G4lk/2] if kiseven
0 otherwise
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Sawtooth Waves

Let fo(t) represent the following continuous-time, periodic signal with period T=8

fo(t)

-t

0 8 16

and let Fo[k] represent the Fourier series coefficients of fo(t). The following plots show the magnitude and angle
of Folk].

Folk)| [FolK]

3/m ’:7'(
" erett Tteeeny™ = IIII111]

s ; : wuuu.k

LX)

Each of the following parts defines a new signal f;(t) that is related to fo(t). Let F; [k] represent the Fourier series
coefficients for fi(t). Determine which of panels A-F on the next page shows the magnitude of F; [k] and which
of panels a-f shows the angle of F; [k]. Enter your answers in the boxes provided.

1131 A= e
t
Fald| = A M=«
t
f3(t) = fo(t) +f1(1) Fsld|=| B =] f
fa(t) = fo(t) + f2(t) Fald|=| D Fd=| d

10
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The following stem plots show six magnitude functions (A-F) in the left column and six angle functions (a-f) in

the right column.

The x symbols in the angle plots represent values that are not defined because the magnitude at that k is zero.

A
]» ES/W
k
-8 0 8
B
Q—Lo—g—oio—lr—l—lr—oio—g—o—w—q k
-8 0 8
C
k
-8 0 8
D
k
-8 0 8
E
LLLLH_HH_LM K
-8 0 8
F
VLLH_U_HJ_U_LLLL? L
-8 0 8

11

a
T
k
—7
b
T
k
—7
c
T
k
—7
d
T
k
—7
e
T
k
—7
f
T
k
—7



6.3000 Final Exam Fall 2023
Worksheet (intentionally blank)

12



6.3000 Final Exam Fall 2023
Mystery Photograph

A small white object is placed on a black background and photographed to produce an image f[r, c], where r
represents the row number and c represents the column number of pixels whose values range from 0 (black)
to T (white). The image contains 128 x 128 pixels representing an area that measures 12.8 cm by 12.8 cm. The
magnitude of the discrete Fourier transform (DFT) of this image is shown below.

|FIk:, k| answer box

-50 0 50
ke

In the “answer” box above, sketch the approximate shape and orientation of the small white object as viewed
in the spatial domain (r,c). Your sketch does not have to be to scale, but should include labels to indicate the
dimensions of the object measured in centimeters (cm).

Briefly explain your reasoning.

The 2D DFT has the form of a sinc function in both of the diagonal directions. The inverse transform of a 2D sinc
is a rectangle.

sossosl T Tooso000 DN,

-« N 2N

w W W

Except for k = 0, the zeros of the sinc function are at integer multiples of N/W. There are approximately 8 zero
crossings for the diagonal with negative slope. Thus

8N
— ~ Nv2
w V2
and W =~ & ~ 5.65 pixels. There are approximately 10 zero crossings for the diagonal with positive slope. Thus

10N
WS

and W ~ % ~ 7.07 pixels.

Z N
NY

Pixels in the original image are separated by 12.8 cm divided by 128 pixels. Thus the sampling interval is 0.1 cm.
Thus the rectangle is 0.707 cm by 0.565 cm.

13
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Combining Images

Let f[r, c] represent the MIT logo shown below where r represents the row number and ¢ represents the column
number of each pixel, and each pixel is either black (0) or white (1). Let Flk., k] represent the two-dimensional
(2D) Discrete Fourier Transform (DFT) of flr, c].

flr, c] Flkr, kcl
1.0 0.10
0.8 0.08
0.6 0.06
0.4 0.04
0.2 0.02
0.0 0.00

-5 0 5

Let hq[r, c] represent a checkerboard image

1T 1
_ 14 (_1\(+c)
h1[T,C] 2+2( 1)

and let Hy [k, k¢] represent the 2D DFT of hy[r, c].

Let Hz [kr, k] represent a two-dimensional DFT with a checkerboard pattern
1 1
Halke kel = 5 + 5 (=Tt

and let h;[r, c] represent the two-dimensional inverse DFT of Hj [k, kc].

Determine which of the images on the following page (A-I) is represented by each of the expressions below.

(fxhy)lr,c] : A
(fxhy)[r,c] : F
(f®h)r,c H
(f®hy)[r,cl : D

14
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Pixel values in each of the following images are normalized so that black represents the smallest pixel value (not
necessarily 0) and white represents the largest pixel value in that image (not necessarily 1).

A B
0.5 1.0
0.4 0.8
0.3 0.6
0.2 0.4
0.1 0.2
0.0 0.0
1.0
0.7
0.6 0.8
0.5
0.6
0.4
0.3 0.4
0.2
0.2
0.1
0.0 0.0
-8 HE EEEEEN -8 | L0
0.0035 HEEENERNR
-6 | | 0.055 —6
0.0030 H_u 0.8
-4 mu . —4
o 0.0025 0.050 2 0.6
0.0020
0 0.045 7
: 0.4
5 0.0015 5
0.0010
4 0.040 44 0.2
6 0.0005 6
0.0000 . . . 0.0

15
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