6.3000 Quiz 1

Fall 2023

Name:

Kerberos (Athena) username:

Solutions

Please WAIT until we tell you to begin.

This quiz is closed book, but you may use one 8.5 x 11 sheet of notes (both sides).

You may NOT use any electronic devices (such as calculators and phones).

If you have questions, please come to us at the front of the room to ask.

Please enter all solutions in the boxes provided.
Work on other pages with QR codes will be considered for partial credit.
Please provide a note if you continue work on worksheets at the end of the exam.

Please do not write on the QR codes at the bottom of each page.
We use those codes to identify which pages belong to each student.

Trigonometric Identities Reference

cos(a+b) = cos(a) cos(b) — sin(a) n(b)
sin(a+b) = sin(a) cos(b) + cos(a) sin(b)

a—b
(T)
. . . a—b
sin(a) + sin(b) = 2sin < ) 0s (T)
cos(a+b)+cos(a—b) = 2cos(a)cos(b)
sin(a+b)+sin(a—b) = 2 sin(a)cos(b)

2cos(a)cos(b) = cos(a—b)+cos(a+b)
2sin(a)cos(b) = sin(a+b)+sin(a—Db)

cos(a) + cos(b) = 2cos ( ) cos

cos(a+b)—cos(a—b) = —2sin(a)sin(b)
sin(a+b)—sin(a—b) = 2 cos(a)sin(b)
2sin(a)sin(b) = cos(a—b)—cos(a+b)

2cos(a)sin(b) = sin(a+b)—sin(a—D>b)
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Top of the Sine (15/70 points)
Let f(t) represent a signal that is periodic in time t with period T = 27t. One period of f(t) is described by the
equation

_Jsin(t) if0o<t<
f(t)_{o ift<t<2m

as shown in the following plot.

T 1 t
0 T 27

Determine the coefficients ay to represent f(t) as a Fourier series of the following form:

00
f(t): Z akejZﬂkt/T

k=—o0
Enter numerical expressions for ay for k in the range k = —5 to 5 in the following table. Your expressions should
not include integrals or infinite sums.
k ax a_x
1 XXXXXXXXXXXXXXXXXXXX
1 1
1 1 ]
—1 . 1 —1, 1
2 2n T en 2n T on
3 0 0
—1 1 —1 1
4 o T Tom or T Tom
5 0 0
sin(t) = ! (et —e Y
j2
T (" ;
ax = J f(t)e Ikt dt
27 0
27 0 ]2
1 [e-Kt™ 1 Tei(1+K)t7™
1 1
11 k even (170 k even
1 1
0 otherwise 0 otherwise
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Discrete-Time Fourier Series (15/70 poin

Is it possible to represent the following discrete-time signal

fln] = cos <7';_n + ;) + cos (?)

as a Fourier series of the following form?

fln] = Z ax ejann/N
k=<N>

ts)

Enter YES or NO: YES

Fall 2023

If yes, determine the smallest value of N for which the Fourier series exists, and enter the Fourier series compo-

nents a_g to ag in the table below.

Smallest value of N: 12

k ay a_y

0 0 XXXXXXXXXXXXXXXXXXXX
1 0 0

2 ! 275

3 > 2

4 0 0

5 0 0

6 0 0

If no, briefly explain why.

Not applicable.

1 1

f[ﬂ} _ 1ej7'rn/36j7t/4 + 1efj7rn/3efj71/4 + 7ej7'tn/2 + 767]'7111/2
2

2 2

1 1

o 1 +jej71n/3 + 1 _]‘ef]'ﬂn/,’) + 7ej71n/2 + 767)'7'[11/2

NG 22 2 2
T+ sammi2 177 a4 2, 15 2, 1
_ e mn/ + . /1 + 76)67rn/1 + —e
2V2 2V/2 2 2

—6jmn /12
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Transformations (20/70 points)

Part a. Let f{(t) represent a continuous-time function given by the following expression:
f1(t) = [sin(mt)|

as shown in the following plot.

f1(t)

Y —t
—1 0 1

Now define a new function g (t) in terms of f{(t) as follows:
gi(t) =1—11(3t—1/4)

Sketch g1 (t) as a function of t on the axes below. Label the important parameters of your sketch.

1 4
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Part b. Let f2(0) represent the following function:

f2(6) =Im (d% (jeie/2>>

Sketch f,(0) as a function of O on the axes below. Label the important parameters of your sketch.
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Part c. Let f3[n] represent the following function:

1 2
f3ln] =Re <<(cos(9) I sm(e))“) )

Plot f3[n] as a function of discrete-time n for the case when 6 = m/4. Label the important parameters of your
plot.

o
0
o
o
0
o
o
0
3
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Part d. Define a discrete function f4[n] as follows

faln] =) a*
k=0

where a = 0.1 + 0.9j.

The following figure shows the complex plane where the circle has unit radius. Draw dots on that figure to
indicate the values of f4[0], f4[1], f4[2], 4(3], and f4[4]. Label the dots as 0, 1, 2, 3, or 4, to indicate which dot
corresponds to each time index n.
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Siren Series (20/70 points)

Each of the following plots shows one period (N=12) of a periodic, discrete-time signal f;[n] that can be repre-
sented by its Fourier series coefficients F; [k]. Determine which plot on the next page shows the real and imaginary
parts of Fi[k] as functions of k and enter their identifiers in the boxes below. Some plots on the next page may be
used more than once.

Re(Fi[kl) Im(Filk])

1 o
f1[nl | A1l6 A6
0 - n
0 1
1 -9
fan] A18 A4
0 n
0 | 11
1 9
f3[n] | Al6 A4
0 - n
0 11
1 9
f4n] A18 A6
0 n
0 I
1 o
0 - n
0 1
1 -9
fem] A22 A8
0 - n
0 I 11
1 9
f7m] | A32 A28
0 n
0 11
1 9
fgm] A34 A26
0 n
0 I 11
1 o
fo[n] | A3 A12
0 - n
0 1
1 <
fro[nl Al4 A12

)
o 6
3

10
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1/6
Al
0 n

0 11

1/6
A2
0 n
0
1/6
A3
0 n
0 1
1/6

A4

1/6
A5

s

{{

o
—_
—_

1/6
A6

o
oi
3

1/6
A7

3

1/6
A8

1/6
A9

s

17}

o
—_
—_

1/6
A10

o
og
3

1

1/6
Al11

{

1/6
A12
0 n

1/6
A13

1/6
Al4
0 n
1/6
A15
0 n
1/6
Aleé6
0 n

11

Fall 2023

1/6
A24
0 n
0
1/6
A25
0 n
0
1/6
A26
0 n
0
1/6
A27
0 n
0 11
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Parta. Fq[k]:

1_(1 + e*jlﬂk/]Z) _

12

1

1 —j27tkn /N
Fld=5 ) filje?2mn/N = >

n=<N>

(1 + cos(2mk/12) — j sin(ZTEkﬂZ))

Re (F1[Kk]) = 11—2(1 + cos(27'rk/12)>

Im (F1[k]) = —]]—2 sin(2mk/12)

Notice that the real and imaginary parts of Fy [k] are periodic with period 12.
The real part is an offset cosine with a period of 12: A16.
The imaginary part is a negative sine with a period of 12: A6.

Partb. F[kl:
1 . 1 . 1
_ —j2mkn/N _ _ 2wk /12y _ 3
F> k] N n:é N>fz[n]e ]2(] e ) 7 (1 cos(2mk/12) +j 51n(27tk/12))

Re (F,[k]) = 11—2(1 . cos(an/]Z))

Im (F»[K]) = 11—2 sin(2rmk/12)

Notice that the real and imaginary parts of F,[k] are periodic with period 12.
The real part is an offset negative cosine with a period of 12: A18.
The imaginary part is a sine with a period of 12: A4.

Part c. F3[k]:

1 . 1 . 1
_ —j2m11k/12y _ j2mk /12y _
F3[k] 12(1+e ) 12(1+e ) 2

Re (F3[k]) = 11—2(1 + cos(27ﬂ1k/12)>

(1 + cos(2m11k/12) —jsin(ZnHk/]Z))

1
Im (F3[k]) = 7] sin(2mt11k/12)
Notice that the real and imaginary parts of F3[k| are periodic with period 12.
The real part is an offset cosine with a period of 12: A16.
The imaginary part is a sine with a period of 12: A4.

Part d. F4[Kkl:
1 ) 1 - 1
_ U gemitksi2y g 2nk/12y - s
F4[K] 12(1 e ) 12(1 e ) —12<1 cos(2mt11k/12) )Stn(ZTfHk/]Z))

Re (F4[K]) = 11—2(1 - cos(27ﬂ1k/12)>

Im (F4[k]) = 1]—2 — sin(2n11k/12)

Notice that the real and imaginary parts of F4[k| are periodic with period 12.
The real part is an offset negative cosine with a period of 12: A18.
The imaginary part is a negative sine with a period of 12: Aé6.

12
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Parte. Fs5[k]:

] 3 ] 4 ]
_ —j27tkn/N _ —j2m2k /12y _ s o
Fslk] = N E fsnle kT (1+e ) = iR (1 + cos(2m2k/12) —j smn(ZnZk/]Z))

n=<N>

Re (Fs[k]) = 11—2(1 + cos(27'r2k/12))

Im (Fs5[k]) = —]]—2 sin(2m2k/12)

Notice that the real and imaginary parts of F5[k| are periodic with period 6.
The real part is an offset cosine with a period of 6: A20.
The imaginary part is a negative sine with a period of 6: A10.

Part f. Fs[k]:

1 . 1 . 1
_ —j27tkn/N — (1 _ —j2m2k/12 _ o s s
Fold = > felnle S(1—e )= (1 cos(2m2k/12) +j 51n(27t2k/]2)>

n=<N>

Re (Fgk]) = 11—2(1 . cos(ZnZk/12))

Im (Fg[K]) = 11—2 sin(2m2k/12)

Notice that the real and imaginary parts of Fg[k] are periodic with period 6.
The real part is an offset negative cosine with a period of 6: A22.
The imaginary part is a sine with a period of 6: A8.

Partg. F7[k]:
1 : 1 ; 1
_ —j2nkn/N _ —j2m3k/12y _ s
Fld=x Y frinle Sli+e ) = 5 (1 + cos(2m3k/12) — j sin(273k/12)

n=<N>

Re (F7[k]) = 11—2(1 + cos(27'r3k/12))

Im (F7[Kk]) = —]]—2 sin(2m3k/12)

Notice that the real and imaginary parts of F7[k] are periodic with period 4.
The real part is an offset cosine with a period of 4: A32.
The imaginary part is a negative sine with a period of 4: A28.

Part h. Fglkl:

1 . 1 : 1
_ —j27tkn/N _ _ ,—j2m2k /12 _ o c s
Fglk] N Z fg[nle ]2(1 e ) 3 (1 cos(2m2k/12) 4+ 51n(27t2k/12)>

n=<N>

1
Re (Fs(k]) = 55 (1 - cos(2n2k/12))
Im (Fg[k]) = ]]—2 sin(2m2k/12)
Notice that the real and imaginary parts of Fg[k] are periodic with period 4.

The real part is an offset negative cosine with a period of 4: A34.
The imaginary part is a sine with a period of 4: A26.
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Parti. Folkl:

1 . 1 : 1
_ —j2nkn/N _ —j2mek/12y _ s
Folkl =< > folnle Sli+e ) = 5 (1 + cos(2nk/12) — j sin(2m6k/12)

n=<N>

Re (Fo[k]) = 11—2(1 + cos(27'r6k/12))

Im (Fo[k]) = —]]—2 sin(2m6k/12)

Notice that the real of Fo[k] is periodic with period 2.
The real part is an offset cosine with a period of 3: A3.
The imaginary part is zero for all k: A12.

Partj. Fyolkl:

1 . _
Fiolkl = N > frolnle ITR/N = 11—2(1 — e )2mek/12y 11—2(1 — cos(2m6k/12) +jsin(27r6k/12)>

n=<N>
Re (FiolK) = 1o (1 — cos(2n6k/12)
Im (Fyolk]) = ]]—2 sin(2m6k/12)

Notice that the real part of Fg[k] is periodic with period 2.
The real part is an offset negative cosine with a period of 2: A14.
The imaginary part is zero for all k: A12.

14
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