Quiz 2 Review

Quiz 2: Tuesday, November 10, 2:00 PM, Walker Memorial (50-340)
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When and where What it covers

Tuesday, November 10, regular class block Weeks 4 through 8: CT/DT Fourier

(2:00 PM), in Walker Memorial (50-340). No transforms, systems, convolution, frequency
lecture or recitation that day. response, communication systems, and the

DFT (lectures, recitations, homework).
What you may bring

Two 8.5 x 11 sheets of handwritten notes Where answers go

(four sides). A pencil. No electronics. In the boxes. Work on other quiz pages
counts for partial credit; flag any worksheet
you continue on.
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Problem 1: short answer (24 points)




1a

1 Short-Answer Questions (24 points)
Parta. The left column of the following table shows the input/output relations for four different systems, where
x represents the input and y represents the output of the system. For each system, determine if that system is
additive and /or homogeneous and/or time-invariant, and enter Yes or No in the boxes to the right.
additive? homogeneous? time-invariant?
(Yes or No) (Yes or No) (Yes or No)
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additive and /or homogeneous and/or time-invariant, and enter Yes or No in the boxes to the right.
additive? homogeneous? time-invariant?
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Before we solve it

® Which of these can you decide without writing any algebra?
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1 Short-Answer Questions (24 points)
Parta. The left column of the following table shows the input/output relations for four different systems, where
x represents the input and y represents the output of the system. For each system, determine if that system is
additive and /or homogeneous and/or time-invariant, and enter Yes or No in the boxes to the right.
additive? homogeneous? time-invariant?
(Yes or No) (Yes or No) (Yes or No)

Before we solve it
® Which of these can you decide without writing any algebra?
® Can a system be time-invariant without being linear?
® Which system is the only one that is a convolution?
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la Answer and checks

System Additive Homog.  Time-inv. Verify

yln] = (=3)" (z[n] +1 No No No

J{ } o (2)[ ]() " ) No No Yes ® Zero in, zero out? The first system

yinl = bl? L gives (—2)" for z = 0 because of

y(t) = Loo z(7) dr Yes Yes Yes the +1: not linear.

y(t) =ta(t) Yes Yes No ® Gain that depends on n or t
((—3)™, t)? Possibly linear, but not

Method: feed z1 + x2, then ax, then z[n — m)] Tl

(replacing every n). One counterexample proves No; Yes ® Nonlinear function of x alone (sin)?

needs the algebra for all inputs. TI, but not linear.

® A convolution with a fixed h (the
integrator, h = u)? LTI
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Part b. Determine the frequency response F(w) of a linear, time-invariant system with the following impulse
response:
f(t):{l if2<|t_\<3
0 otherwise

f(t)

111

-3 -2 2 3

Enter a closed form expression' for F(w) in the box below.

Flw) =
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Part b. Determine the frequency response F(w) of a linear, time-invariant system with the following impulse
response:
f(t):{l if2<|t_\<3
0 otherwise

-3 -2 2 3

Enter a closed form expression' for F(w) in the box below.

Flw) =

Before we solve it

® What standard signals is f(¢) built from?
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Part b. Determine the frequency response F(w) of a linear, time-invariant system with the following impulse
response:
f(t):{l if2<|t_\<3
0 otherwise

-3 -2 2 3

Enter a closed form expression' for F(w) in the box below.

Flw) =

Before we solve it

® What standard signals is f(¢) built from?
® Before any integral: what must F'(0) equal?
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1b Answer and checks

) 2sin Sw 2sin3w  2sin 2w
f=ps—p2 Pslw)=—— = Flw)= -
w w w
Approach Verify
Decompose into pieces whose transforms you o F(0) = area of f = 2; limits give 6 — 4
already know; use linearity. v

® f real and symmetric = F real and
symmetric; a stray j or e~ ?“ means a
shift crept in v/

® Wider pulse, narrower sinc: first zeros at
/3, /2 V
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1b Alternative 1: integrate directly

Two disjoint intervals, so two integrals:

—2 3 e—dwt -2 e—Jwt 3
Flw)= / e Wt dt + / e Iwt dt = . + .
—3 JR —Jw -3 —Jw )
B (ejQw _ eij) 4 (eijw _ e*jQw) B (6j2w o 67j2w) o (eij o eijw)
—Jjw a —Jjw

2jsin2w — 2jsin3w  2sin3w  2sin 2w

—jw w w

Verify

The regrouping step is the check: pair 7% with e=7%“_ If a term has no partner, an
integration limit is wrong.
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1b Alternative 2: two shifted narrow pulses

Each piece is a pulse of width 1 (half-width 1) centered at ¢ = +3:

_ 2sin(w/2)

F@&) =p12(t—3) +p1y2(t+3), Pyjp(w) = "

Shift by ﬁ:% multiplies by eFI5%; the two phases add to a cosine:

2sin(w/2)  4cos(%2)sin(%)
w B w

F(w) = (e_j%“ + ej%‘*’)

Verify
Same answer as p3 — po: the sum-to-product identity gives 2sin 3w — 2sin 2w = 4 cos 3% sin ¥

2 2
vV F(0)=4-1-22 592 =areav

w
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Part c. Determine the frequency response of a linear, time-invariant system with the following unit-sample re-
sponse:

glnl =o8Mnl —sn—2]

Sketch the magnitude and angle of the frequency response on the axes below. Label the key points.

magnitude angle

—2n 2 —2n 2n
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sponse:
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Sketch the magnitude and angle of the frequency response on the axes below. Label the key points.

magnitude angle
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Before we solve it

® Where must |G(€2)| be zero?
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Part c. Determine the frequency response of a linear, time-invariant system with the following unit-sample re-
sponse:

glnl =o8Mnl —sn—2]

Sketch the magnitude and angle of the frequency response on the axes below. Label the key points.

magnitude angle

—2n 2 —2n 2n

Before we solve it

® Where must |G(€2)| be zero?
® What does a pure delay do to the phase?
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1c Answer and checks

G(Q) =1—e 722 = eij(eJQ — efjﬂ) = j2sinQ eI
|G| = 2| sin Q, 4G =5 —Q (+m where sinQ < 0)
magnitude angle

; NN
Con \ﬂr \ \

[\3\21

—2m —T ™ 2
Verify

G0)=>gln]=0v G(m)=> g[n](-1)" =0 2m-periodic v' phase slope —1 =
one-sample delay v
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Problem 2: cascaded systems (22 points)




2a

N

Cascaded Systems (22 points)

Parta.

Let Sy represent a linear, time-invariant (LTI) system
whose unit-sample response hy [n] is a unit step:

1 ifn>0
h =
inl {0 otherwise

xnj—s| S — Y1

Determine the response y1 [n] of this system when the input x[n] is the following geometri
il = { (09" ifn>0
0 otherwise
Enter the first 5 values of 1 [n] in the boxes below

sequence:

y1(0]

willl =

w2 =

vl

yild

Enter a closed-form expression” for y1 [n] in the box below.

il =
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2a

Before we solve it

2 Cascaded Systems (22 points)
Parta.
Let Sy represent a linear, time-invariant (LTI) system
whose unit-sample response hy [n] is a unit step: xin]—s| 1 —» y1[n]

1 ifn>0
h =
inl {0 otherwise

Determine the response 1 [n] of this system when the input x[n] is the following geometric sequence:
il = { (09" ifn>0
0 otherwise
Enter the first 5 values of 1 [n] in the boxes below

y1(0]

willl =

w2 =

vl

yild

Enter a closed-form expression” for y1 [n] in the box below.

il =

® What does convolving with a unit step do to any signal?
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2a

Before we solve it

2 Cascaded Systems (22 points)
Parta.
Let Sy represent a linear, time-invariant (LTI) system
whose unit-sample response hy [n] is a unit step: xXinj—| ) — yin

1 ifn>0
h =
inl {0 otherwise

Determine the response 1 [n] of this system when the input x[n] is the following geometric sequence:
il = { (09" ifn>0
0 otherwise
Enter the first 5 values of 1 [n] in the boxes below

y1(0]

willl =

w2 =

vl

yild

Enter a closed-form expression” for y1 [n] in the box below.

il =

® What does convolving with a unit step do to any signal?

® \What sets the limits on the convolution sum?
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2a Answer and checks

L 1—0.9nt!

yi[n] = ;(0.9)mu[m] uln —m) = ’;)(o.g)m =g = 10-9(0.9)
Approach Verify
u[m] forces m > 0 and u[n — m] forces m < n: e n—=010-9=1v
convolution with a step is a running sum. So ¢ n oo 10=1/(1—0.9) v
y1[0], ..., y1[4] are the partial sums . _
1, 1409, 1+0.9+092, ... * Difference it: yi[n] —yi[n — 1] =

9(0.9)”_1(0.1) =(0.9)" = z[n] v
Common mistake

n+ 1 terms, so 7 ™*! in the numerator.
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Partb.

Let S represent the linear, time-invariant (LTT)
system that results when two LTI systems (S and S») yi[n]

are connected in cascade (so that the output of Sq is X[ __’ > Y2l

the input to S) as shown in the figure to the right.

S12

Determine the unit-sample response hj2[n] of S1 when the unit-sample response h [n] of system S1 is a unit-step
function u[n] and the unit-sample response h;[n] of system S; is also a unit-step function u[n]:

hin] = un]
ha[n] = un]

Enter a closed-form expression3 for hy,[n] in the box below.

hiz2n] =
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Before we solve it

® What shape do you expect for u * u?

15/28



Partb.
Let S represent the linear, time-invariant (LTT)

system that results when two LTI systems (S and S») ] S y1n] S =
are connected in cascade (so that the output of Sq is = > 2 > v

the input to S) as shown in the figure to the right.

S12

Determine the unit-sample response hj2[n] of S1 when the unit-sample response h [n] of system S1 is a unit-step
function u[n] and the unit-sample response h;[n] of system S; is also a unit-step function u[n]:

hin] = un]
ha[n] = un]

Enter a closed-form expression3 for hy,[n] in the box below.

hiz2n] =

Before we solve it

® What shape do you expect for u * u?

® If you take a first difference of hi2[n|, what should come back?
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2C

Part c.
Let S123 represent the LTI system that results

when three LTI systems (S1, S5, and S3) are i s yim] S ya2m] S il
connected in cascade, as shown in the figure to ™ endi 3 Ysnl

the right.

S123

Determine the unit-sample response hy23[n] of $123 when the unit-sample response hy [n] of system $1 is a unit-
step function u[n], the unit-sample response h; [n] of system S; is a unit-step function unj, and the unit-sample
response hs[n] of system S3 is also a unit-step function w[n]:

himl = uln]
han] =ufn]
han] = uln]

Enter the first 5 values of hy23[n] in the boxes below.

hi23(0] =

haasll] =

hi232] =

ha23l3] =

hizsldl =
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2C

Partc. S123

Let S123 represent the LTI system that results

when three LTI systems (S1, S5, and S3) are yim] ya2m]

conmected in cascade, as shown in the figure to X" S _’E)_‘ Ss sl
the right.

Determine the unit-sample response hy23[n] of $123 when the unit-sample response hy [n] of system $1 is a unit-
step function u[n], the unit-sample response h; [n] of system S; is a unit-step function unj, and the unit-sample
response hs[n] of system S3 is also a unit-step function w[n]:

hin] =un]
han] =ufn]
h3n] =un]

Enter the first 5 values of hy23[n] in the boxes below.

hi23(0] =

haasll] =

hi232] =

ha23l3] =

hizsldl =

Before we solve it

® hion] = (n+ 1)u[n] is linear in n. After one more accumulator, what degree polynomial
in n do you expect?
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2b, 2c

Answers and checks

h12 [n]

AWM O|S

1A wWwN

uln],  hags[n] = D (mA+1) = w uln]

m=0

Verify

® Each accumulator is undone by a first difference:
Ahjaz = hia, Ahia =u vV

* (44+1)(4+2)/2=15V

® Don't drop the u[n]: the system is causal.
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2b, 2c What would happen if we tried the frequency perspective?

The appeal
Convolution in time means multiplication in frequency: Hiy = Hf, Hio3 = Hf No sums to

evaluate.

The catch!!

Hi(Q) =350 e~79" does not converge: the unit step is not a signal the DTFT, as we
defined it, can handle.
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Problem 3: pulsed relations (27 points)




Problem 3

L:ach of the 10LOWINg PIOts SNOWS the magnitude of the FOUrIer ransiorm of a signal derived rom f(t).

3 Pulsed Relations (27 points
i @7p X ) Note that the magnitude scales for these plots are not specified and may differ from one another.
Let f(t) represent the following signal d
= {) s . ) R A B c
0 otherwise |
and let F(w) represent its Fourier transform . | N
_ ZS\V\LM\ . .
as shown on the right Saag s R
Zin o2 0 20 dn BT R Tin 20 6 2n 4
Identify which plot (A-1) shows the magnitude of each of the following derived signals. D E F
1(1/2): (1) sin(2mt) :
(0 (1) cos(2mt)
fl20): f(t)e2m
-0 [ e [ an 2n 0 2n dn an a1 0 2n dn P S S A
() G H I
“in 2 0 2n dn BT R BT R

TAnntifr whick slat (AT chawe tha mamnitinda nf aach of tho fallasing davisvnd simaale
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Problem 3

L:ach of the 10LOWINg PIOts SNOWS the magnitude of the FOUrIer ransiorm of a signal derived rom f(t).

3 Pulsed Relations (27 points
o @7p X ) Note that the magnitude scales for these plots are not specified and may differ from one another.
Let f(t) represent the following signal d
{1 <t 0 Fla) A B c
and let F(w) represent its Fourier transform N Al
_ zs\ntu\ " . |\
as shown on the right 5 T R
Zin o2 0 20 dn BT R Tin 20 6 2n 4
Identify which plot (A-1) shows the magnitude of each of the following derived signals. D E F
1(1/2): (1) sin(2mt) :
(F=1)(): (1) cos(2mt)
21 f(t)e2m
an 21 o an an an 2 o 2n an an om0 2n 4n
flt-1): flt)e 2
() G H I
“in 2 0 2n dn BT R BT R

TAnntifr whick slat (AT chawe tha mamnitinda nf aach of tho fallasing davisvnd simaale

Before we solve it

® Which of the nine operations leave the magnitude of the transform unchanged?
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Problem 3

Lsach of the toLlowIng plots shows the magrutude of the Fourier transtorm of a signal derived trom T(t).
Note that the magnitude scales for these plots are not specified and may differ from one another.

3 Pulsed Relations (27 points)

Let f(t) represent the following signal
= () sl o A i c
and let F(w) represent its Fourier transform os) K [\
a5 shown on the right TR
Identify which plot (A-I) shows the magnitude of each of the following derived signals. D E E

f(t/2): f(t) sin(27t) :
(F0)(t): f(t) cos(2mt)
flat): f(t)ei2mt y y . ; .
-1 ’7 et ; ’—‘ an -2n 0 2 4n an -2m 0 2 am an -2 0 20 4n
G H 1

o e LA LA,

om0 Zn an Zan 2m ©

Zan 2 0zt an Zan

TAnntifr whick slat (AT chawe tha mamnitinda nf aach of tho fallasing davisvnd simaale

Before we solve it
® Which of the nine operations leave the magnitude of the transform unchanged?
® Which ones change the width of the pulse, and which way does the sinc go?
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Problem 3

3 Pulsed Relations (27 points) Lsach of the toLlowIng plots shows the magrutude of the Fourier transtorm of a signal derived trom T(t).
Note that the magnitude scales for these plots are not specified and may differ from one another.

Let (t) represent the following signal

{1 <1 i Fw A B c
and letFla) represent its Fourier transform | X Il
oy =25709) . X L\
as shown on the right SEadi R
Zin i om0 Jn o 6 m 40 BT T S "
Identify which plot (A1) shows the magnitude of each of the following derived signals. b . .
f(t/2): (1) sin(2mt) :
(1 (1) cos(2nt)
f(20): e
an -2 0 21 an an a0 o2 an dn 2 0 20 an
-1 fleizm:
() G H I

Zan 2 0zt an [ [ e

TAnntifr whick slat (AT chawe tha mamnitinda nf aach of tho fallasing davisvnd simaale

Before we solve it

® Which of the nine operations leave the magnitude of the transform unchanged?
® Which ones change the width of the pulse, and which way does the sinc go?

® Which ones move the spectrum, and where?
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Problem 3 Answers

Signal Transform Evidence in the plot Plot
f(t/2) 2F (2w) main lobe half as wide: first zero at m/2 F
f(2¢t) 1F(w/2) main lobe twice as wide: first zero at 27 D
(f = )(t) F(w)? same zeros, sidelobes crushed E
fiE—1) e Y F(w) magnitude identical to |F| A
tf(t) JjdF/dw anti-symmetric signal = zero at w = 0; G
‘ lobes still ~ 7 apart
f®)et2™  F(wF 2m) one sinc moved to 427 B, C
f(t)cos2mt  L[F(w—2m) + F(w+2m)]  two peaks; tails near 0 cancel: small cen- |
ter bump
f(t)sin 27t %[F(w —27) — F(w+ 2m)] two peaks; tails near 0 add: larger center H

bump
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Problem 3 Checks

Verify

® Each of A-l is used exactly once.

® F'(0) is the area under the signal. Scaling, shifting and self-convolution keep the area
positive, so A, D, E, F peak at w = 0; tf(¢) is anti-symmetric and the modulated signals
have zero average, so G, H, |, B, C do not.

® A pulse of half-width S has sinc zeros spaced 7/S apart: 7/2 for the wide pulse (F), 7 for
the unit pulse and everything made from it by shift, modulation or convolution, 27 for the
narrow pulse (D).
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Problem 4: pulses in, pulses out (27 points)




4 Pulses In Pulses Out (27 points) Parta. Consider a system Sy4 that produces f4[n] as output when f2[n] is its input.

‘The first 12 samples of four periodic signals that are each periodic in N=12 are shown in the left column below,
3 ht col

and the their Fourier shown in 2] —» fan]
filn] I Filk . Determine the unit-sample response ha4[n] and frequency response Hay k] of system S24 and enter expressions
Fasasasasansdi T 0 2 4 e for hs[n) and Has K] in the boxes below
sl
LWW“ Nl [ton haln! = ‘ ‘
—6-4-2 0 2 4 6
f3ln]

F3K =
ol e - | |

Sketch the magnitude of the frequency response Hy4 k] on the axes below.

alnl M o ,YY,EII]E.,?Y?R

024 6 810 0
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4 Pulses In Pulses Out (27 points)

four periodic signals that are each periodic in N=1

shown in

. ;iTH]I]TIE*

F3k
,mlmjllvﬁlu
6-4-2 0 2 4 6

o '”’E”]L””

2 are shown in the left column below,

Parta. Consider a system $24 that produces f4[n] as output when f21n] is its input.

faln] —»

Determine the unit-sample response h4[n] and frequency response Hag (k] of system S24 and enter expressions
for ha4[n) and Ha4 k] in the boxes below.

= | ‘

Haalk] = ‘ ‘

Sketch the magnitude of the frequency response Hy4 k] on the axes below.

Before we solve it

® How do you build f4[n] out of copies of fa[n]?
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4 Pulses In Pulses Out (27 points) Parta. Consider a system Sy4 that produces f4[n] as output when f2[n] is its input.
The first 12 nmpl(\ of four periodic signals that are each periodic in N= v' are >hm\ nin the left column below,
and the their Fourier shown in

faln] —»

filnl I Filk L Determine the unit-sample response haa[n] and frequency response Haa (k] of system S14 and enter expressions
Jogogopopogon .
024 6

for haa[n) and Haa k] in the boxes below.

gl | |

f3in] F3lk] Haglk] =
M . MLLLU_LL_LI . 2
fain) Fod I I ] Sketch the magnitude of the frequency response Hz[K] on the axes below.
N RIN| T o
4-2 0

Before we solve it

® How do you build f4[n] out of copies of fa[n]?

® Where must |Hay[k]| be zero, just from the
two spectra?
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4a Answer and checks

haa[n] = d[n] + d[n — 2], Houlk) =1+ e I7k/3 — g=jmk/6 2005(%)

2 Verify

® H[0] = > h =2; averages 4/12 vs 2/12 v
® Zeros at k = +3: exactly where Fy = 0 and
k Fy#0Vv
6 —4 —2 2 4 6 ® Where F, = 0 already (k = £6), H is
unconstrained: the answer is not unique,
and that is fine.
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Partb. Consider 16 possible systems that are each defined by its input signal fi[n] and output signal f, [n]:

Some of these systems could be linear and time invariant (LTI); others cannot.

Determine which of the 16 systems cannot possibly be LTI, and enter X in the corresponding box below.
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Partb. Consider 16 possible systems that are each defined by its input signal fi[n] and output signal f, [n]:

Some of these systems could be linear and time invariant (LTI); others cannot.

fin] —»

Determine which of the 16 systems cannot possibly be LTI, and enter X in the corresponding box below.

Before we solve it

® What can an LTI system do to a harmonic whose input coefficient is already zero?
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Partb. Consider 16 possible systems that are each defined by its input signal fi[n] and output signal f, [n]:

Some of these systems could be linear and time invariant (LTI); others cannot.

fin] —»

Determine which of the 16 systems cannot possibly be LTI, and enter X in the corresponding box below.

Before we solve it

® What can an LTI system do to a harmonic whose input coefficient is already zero?
® Which row of the grid must be all blank?

26/28



4b Answer and checks

i\O 1 2 3 4 Rule
1 F,[k] = H[k]F;[k]: an LTI system cannot create a
s | x X harmonic the input lacks. S;, can be LTI only if
Zeros(F;) C Zeros(F,). Don't compute H.
3 | X X X
Zeros: f1 none; fo +6; f3 +4; fa * Diagonal blank (h = 4) v/
£3, 6. ® More input zeros = more X's: 0, 2, 3, 3 vV

® The only off-diagonal blank below row 1 is (2,4), the
system from 4a v
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Quiz problem Lecture Recitation
la LTI properties Systems (Oct 8) Systems (Oct 8)
1b, 3 CT Fourier CT Fourier Transform (Sep 29) CT Fourier Transform (Sep 29)
transform
lc DT frequency re- DT Fourier Transform (Oct 1); Frequency Re-  Convolution and Filtering (Oct 20)
sponse sponse and Filtering (Oct 20)
2 Cascades, convolu-  Unit-Sample Response and Convolution (Oct ~ Superposition and Convolution
tion 15) (Oct 15)
3 Modulation Communication Systems (Oct 22) Communication Systems (Oct 22)
4 Filtering periodic DT Fourier Series (Sep 24); Frequency Re- DFT and Circular Convolution
signals sponse and Filtering (Oct 20) (Oct 29)

Practice quizzes TA-led review session

On the Quiz 2 info page: Spring 2022, Fall 2022, Fall Sunday, November 8, 1-3 PM, in 34-101.

2023, Spring 2025 (this one), with solutions, plus
review slides and story sheet.
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https://sigproc.mit.edu/_static/fall26/lectures/Systems.pdf
https://sigproc.mit.edu/_static/fall26/recitations/Systems.pdf
https://sigproc.mit.edu/_static/fall26/lectures/CT_Fourier_Transform.pdf
https://sigproc.mit.edu/_static/fall26/recitations/Continuous-Time_Fourier_Transform.pdf
https://sigproc.mit.edu/_static/fall26/lectures/DT_Fourier_Transform.pdf
https://sigproc.mit.edu/_static/fall26/lectures/Frequency_Response_and_Filtering.pdf
https://sigproc.mit.edu/_static/fall26/lectures/Frequency_Response_and_Filtering.pdf
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