6.300 Sighal Processing

Week 3, Recitation B:
Discrete-Time Fourier Series

« DTFS
* Fourier Series properties

September 24, 2026



Discrete-Time Fourier Series

Synthesis:
2T
x[n] = x[n + N] = z X[k]e/ NHm
k=<N>
Analysis: N1
1 .
— —— —JjQokn
X|k] = X[k + N] N nZn: x[n]e

discrete in time => periodic in frequency



Find the DT Fourier Series Coefficients

Let f|n| represent a periodic DT signal with period N = T7:

i
J]T???ﬂ”h?f[n

Determine the Fourier series coefficients F'|k| for f|n].



Find the DT Fourier Series Coefficients

Let f|n] represent a periodic DT signal with period N = T7:
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Ly ot
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Determine the Fourier series coefficients F'[k| for f[n].

W] =
wlN

1 & —jZWkn
Flk] = > flnle T
n=0

_ % (;ej%ﬁk_l_gej%ﬂzk_l_e i3k, —j—TéLk_l_ge ji“%ak_l_;ej?;fﬁk)

This is a completely well-formed answer — but we can simplify.



Find the DT Fourier Series Coefficients

Simplifying ...
.2 . 2T 27T . .2 .27 27
Flk] = % (%6_37k+§e_372k+e 33k —3%—4’4%6—375%%6—;76&)

The last exponential term can be rewritten with a positive exponent:
.27 . .27 .27 .27
2T 7
where we have used the fact that e/ 7 ' = 1.

This identity is also apparent in the complex plane.

e—ngﬂ' =27

6 1 6 k 1 k
Given that e 77°™ = &/ 7° it follows that (6_372”) — (eJT’ZW)



Find the DT Fourier Series Coefficients

We could get the same answer by summing a different set of time indices.

o
“TTlgngT‘iT??]n

Sum n = —3 to 3 instead of 0 to 6:
3

FIK = 3 flnle 3%

n=-—3

L[ 2msk j 2T ok i35 1k _j2my 2 _2mgy 2y
=5 7 ik 2o i I
7 ( +3€ +3e +3€ T3¢ e

B 2 1 2k 4 Ak N 6 1 6k
—91 8\ 7)) T8 7 21 “P\ 7

Whichever way we do the math, the answer reduces to the sum of three
cosine terms.



Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67

37%“7??[”

0 0
Determine the Fourier series coefficients E|k| for e|n].



Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67

nnlti[[l] Enﬂ
I I 5 O T
0 6

Determine the Fourier series coefficients E|k| for e[n].

1 0 .27
E[k] = = Ze[n]e_j'%'k”

6n=0

1 /1 - 29T 2 - 27 3 - 27T 2 2w 1 2
_ Z | ZeiFk L Lok L 2 i3k L2, iGAk L 2 IOk

6(38 T 3e T3 T 3e T3

Can we simplify the answer by summing over indices centered on 07



Find the DT Fourier Series Coefficients

How would the answer change if the period were N =67

W =
W N

e[n]
AERAFERETINS S

T
0 6
Can we simplify the answer by summing over indices centered on 07

Yes. But we must be careful at the edges.

Include n = —3 or n = 3 but not both.
1 2 27
Elk] = = elnle ~7 % kn
K] =75 2 el
n=-—3
— — 33_6_‘5"{ —33?2 —e’® e 7% —e 76
6 ( i 3 i 3 i 3 + 3
Notice that the n = —3 and n = 3 terms are equal.

ej%?liik _ e—j%?izﬂc — (eEImyk = (Z1)k



Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?

2T
xln]=1+ cos(?n)



Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?

2T
xln]=1+ cos(?n)

First, fundamental frequency )y = 2?n , signal x|n] is periodic with N = zzn—j =5
5

2TT

2 1 2TT
x[n] =1+ COS(?T[TL) =1 _|_§(eJ?n 1+ e_JT”)
x|n] = z X[k]eQokn

We have three non-zero X|k]’s: k =0,k = +1 k=<N>




Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?

[
x[n] =1+ sin(Zn)



Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?
x[n] =1+ sin(%n)

First, fundamental frequency )y = %, signal x|[n] is periodic with N = 737” =8
4

[ ] =1 +Sln(—7’l) =1 __(ejzn_e—]%n)

We have three non-zero X|k|’s: k =0,k = +1



Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?

{ 1 ifnmodl0=0
z(n] = .
0 otherwise

| x[n)




Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal?

{ 1 ifnmodl0=0
r[n] = |
0 otherwise

21 x[n]
First, x[n] is periodic in N=10 oo ;
x[n] = x[n + 10] = ZX[k Fgkn
1 2T 1 .
X[k] = _2 Jmokn _ = ! | X[k]
| k] 10 x|nle T foreveryk L




Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal
with a period of N=107

x|n] = 0.5




Find the DT Fourier Series Coefficients

* What are the Fourier Series coefficients of the following signal

with a period of N=107
x|n] = 0.5




Find the DT Fourier Series Coefficients

Consider a new signal g|n| derived from f|n] as follows:

glnl =9 —=3fn—1]

S
J‘T??;TETIITT?TLH

Find the DTFS coefficients of g|n|.



Find the DT Fourier Series Coefficients

Consider a new signal g[n| derived from f[n] as follows:

gln] =9 —=3f[n—1]

1f[n]
Ll et e ot

Find the DTFS coefficients of g|n].
The straightforward approach is to calculate g[n| for all n.

An easier approach is to use properties of the Fourier series.
We can use linearity to break the problem into two easier pieces:

gln] = g1[n] — galn]
where gi[n] =9 and gs[n| = 3f[n — 1].



Find the DT Fourier Series Coefficients

We can use linearity to break the problem into two easier pieces.

gln] = g1[n] — ga[n]
where g1[n] =9 and gs[n] = 3f[n — 1].

6
] - 27T
Gilk] = - Y eI = 95[k]
n=0

Notice that we must use the same period N =7 for G1|k], G2[k|, and G[k]
in order to (later) apply linearity.

ga2[n] combines a delay of 1 sample with multiplying by a scale factor 3.

2
The delay of 1 simply multiplies the Fourier coefficients (of f[n]) by e _3'7£’“.
Scaling by 3 similarly multiplies the Fourier coefficients (of f[n — 1]) by 3.
The net result is

Galk] = 3¢ T TR (K]
and
G[k] = 95[k] — 3¢ I F*F[k]



Find the DT Fourier Series Coefficients

Consider another new signal

hin| = (=1)"f[n]

where
fln]
19 2
J]TT?ifsTHTT?T[n
0 7

Find the DTFS coefficients of h|n|.



Find the DT Fourier Series Coefficients

Consider another new signal

Aln) = (—1)" f[n]

where lf[n}
AEESEEANETINE S

-

Find the DTFS coefficients of h[n|.

Let filn] = (—1)"f[n].
Notice that fi[n] is not periodic in N =T7.
We will have to analyze fi[n] with N = 14!



Find the DT Fourier Series Coefficients

How does changing N =7 to N = 14 affect the Fourier series coefficients?

If the period is N = 7 then

1Y o
Bk = 13 flnle
n=0

If the period is N = 14 then

1 i 2T n
Fulk] = = > fln]e /13"
n=0
1 6 1 13
14;f[”]€ + 147;1"[%]?
1 6 2m 1 6
= 35 2 flnle T 4 ST flm 4 7] TR
14 - 14 m—[)\_\’_/ —
- = flm]—iifkm, i 11Tk
6 . .
=3 flnl (14 (~1)F) e 7TER = {Fﬂk‘/?] if k is even
14 0 otherwise



Find the DT Fourier Series Coefficients

How does changing N =7 to N = 14 affect the Fourier series coefficients?

F7|k/2] if k is even
0 otherwise

F4lk] ={

0 12
The components of Fr are stretched in Fyy.
There is no fundamental in Fy4, the harmonics are 0, 2, 4, ... 12.



Find the DT Fourier Series Coefficients

Now find the DTFS coefficients for h[n|:
hin] = (=1)"f|n]

13
HIK = — S (1) flnle 7 3EH"
n=0

13
: .2
1 ejwnf[n]e—jﬁkn

14 —

1 13 9
= 503 ftnle i
n=>0

= Pk — 17
- {Fﬂ(k —T7)/2] if k—Tis even

0 otherwise
B {F;-[(k —17)/2] if k is odd

0 otherwise
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  x  [ n ] = x  [ n + N ] =   ∑  k = < N >   X  [ k ]  e  j   2 𝜋 N k n


  X  [ k ] = X [ k + N ] =  1 N   ∑  n =  n 0   n 0 + N − 1  x  [ n ]  e  − j  Ω 0 k n


   𝟏 𝟑


   𝟐 𝟑


   𝟏 𝟑


   𝟐 𝟑


   𝟏 𝟑


   𝟐 𝟑


   𝟏 𝟑


   𝟐 𝟑


   𝟏 𝟑


   𝟐 𝟑


   𝟏 𝟑


   𝟐 𝟑


  x  [ n ] = 1 + cos ⁡ (   2 𝜋 5 n )


  x  [ n ] = 1 + cos ⁡ (   2 𝜋 5 n )


   Ω 0 =   2 𝜋 5


  x [ n ]


  N =   2 𝜋    2 𝜋 5 = 5


  x  [ n ] = 1 + cos ⁡ (   2 𝜋 5 n )


  = 1 +  1 2 (  e  j   2 𝜋 5 n +  e  − j   2 𝜋 5 n )


  X  [ k ]


  k = 0 ,   k = ± 1


  X  [ 0 ] = 1


  X  [ 1 ] =  1 2


  X  [ − 1 ] =  1 2


  x  [ n ] =   ∑  k = < N >   X  [ k ]  e  j  Ω 0 k n


  x  [ n ] = 1 + sin ⁡ (  𝜋 4 n )


  x  [ n ] = 1 + sin ⁡ (  𝜋 4 n )


   Ω 0 =  𝜋 4


  x [ n ]


  N =   2 𝜋   𝜋 4 = 8


  x  [ n ] = 1 + sin ⁡ (  𝜋 4 n )


  = 1 −  j 2 (  e  j  𝜋 4 n −  e  − j  𝜋 4 n )


  X  [ k ]


  k = 0 ,   k = ± 1


  X  [ 0 ] = 1


  X  [ 1 ] = −  j 2


  X  [ − 1 ] =  j 2
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  x [ n ]


  x  [ n ] = x  [ n + 10 ] =   ∑  k = 0 9  X  [ k ]  e  j   2 𝜋 10 k n


  X  [ k ] =  1 10   ∑  n = 0 9  x  [ n ]  e  − j   2 𝜋 10 k n


  =  1 10


  x  [ n ] = 0 . 5


  x  [ n ]


  x  [ n ] = 0 . 5
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