6.3000 Final Exam Spring 2025
Impulsive Images (15 points)

Pixel values for three images (f1[r, c], f2[r, c], and f3[r, c]) are shown below for [r| < 2 and |c| < 2. Pixel values
outside the indicated regions are zero.
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Each of the panels below show the magnitude of a 2D DFT calculated for —128<r, c<128 and displayed with
black and white representing the minimum and maximum magnitude in each image. Determine which of the
panels below shows the magnitude of the 2D DEFT for each of the images shown above, and enter its label (A-P)
in the corresponding box above.
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6.3000 Final Exam Spring 2025
LetR=C=128 =N.

filr,c]l = 8[r+2,c—1] + 8[r—2, c+1]

H( Kr kc>
F kr)k NZZZf1TC e
_ 1 (ejzwﬂ(lkrﬂkc) + e%‘(*”‘f”‘t))

=Nz
2 27r

]ﬁ Ky, kel

0s (%(Zkr—kc)> ‘

Notice that all points along the line
kr =ke/2

have the same value of |Fq [k, k.|, and that similar statements hold for lines that are parallel to k, = k. /2. Thus,
pixels along downward sloping lines in the k.-k. plane have the same brightness.

Rows of Fylky,kc] go through one period of brightness for —C/2<c<C/2. However, rows of |Fi[kr,k.]| go
through TWO periods of brightness for —C/2<c<C/2 because negative peaks of F; are positive peaks of [F;].

Similarly, columns of Fj[k;,k¢] go through two periods of brightness for —R/2<r<R/2. And columns of
[F1[Kr, k]| go through FOUR periods of brightness for —R/2<r<R/2.

Therefore the answer is G.

falr,c] = =0[r+1,c+1] + —28[r,c+1] + =d[r—1,c+1] + d[r+1,c—1] + 28[r,c—1] + d[r—1,c—1]

Falkr, kel NzZZﬁrc %G“Ck)

_ %(_ o FE(—Th—Tke) _ 5o B (+0k—Tke) _ o~ (+1ke—Tke)
N
n e_]W( T+ Tke) +Ze—j2T"(+Okr+1kc) n e—’T(+1k ke ))

= j% (1 + cos(anr/R)) sin(2mke/C)

\Fz [y, kel| =

4 .
N2 (1 + cos(2mk, /R)) } smn(Zﬂkc/C)‘
The cosine term is always positive. It reaches a peak at k; = k. = 0 and its closest zeros are at the top and bottom

of the image.

The sine term is zero at k, = k. = 0, it has a peak at k. = C/4 and a negative peak at c. = —C/4. After taking
the absolute value, the negative peak becomes a positive peak.

Therefore the answer is J.
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f3[r,cl = 8[r+2,c] + —8[r—2,c] + —d[r,c+2] + d[r,c—2] + +4d[r, c]

1 —'zﬂ(rkﬂuckC)
F3lke, kel = WZZﬁ [r,cle ™
T C

_ 1 ( 4 1o R (F2Kiroke) _ o= (+2ker0ke) _ g o= (+0Kki—2ke )
N2

n 1o~ 5 (+0kr+2kc) . 467%(+0kr+0kc))

1 o I
= N2 (4 +j2 sin(4mk,/N) —j2 stn(47rkC/N))

If we break the DFT into 16 equal-sized segments (on a 4 x 4 grid), then sin(47nk,/N) is positive in the top
row and the third row of segments (left figure below) and — sin(47k./N) is positive in the second and fourth
columns of segments (center figure below). The sum is greatest in the diagonal pattern shown in the right figure
below.

+l4 |+ |+ — - -

+l+ |+ ]+
|
+ |+ ]+
|
|

The magnitudes of the peak negative values of F3 and the magnitudes of the peak negative values of F3 are equal.

Therefore the bright spots in ‘F 3lkr, kel ‘ occur in the quadrants shown below.

- -

Therefore the answer is P.
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6.3000 Final Exam Fall 2022
Plaids (32 points)

Each part of this problem shows a 2D (12 x 12) Discrete Fourier Transform (DFT) F; [k, k] for which you must
find the corresponding 2D signal f;[r, c]. The values of the DFT F;[k., k] are real numbers that are displayed as
brightnesses defined by the associated color bar.

Enter each non-zero value of fi[r, c] in the grid shown below the DFT. Empty cells in the grid will be taken as 0.
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Fi[kr, K] can be written as (1— cos(mk,))/2 = (1—eI™kr) /2. Substituting this into the synthesis equation yields

R—1 C—1
£ [T, C] _ § E E(]_e]ﬂkr)e)Zﬂfkrr/Re]ZTEkCC/C
ky=0 k=0

| [ R c—1 | [ R c—1
_ 2 Z e)’anrr/R Z ejZTtkCc/C o 2 Z ejany-(r +R/2)/R Z ejZﬂkCc/C
k=0 ke=0 k=0 ke=0

] 1 72 ifky = ke =0
= —RC8[r]d[c] szCZS[TJrR/Z]ZS[C} =< —72 ifk,=—6and k., =0

2
0 otherwise
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In the following image, white, gray, and black represent pixel values of 1, 0, and —1, respectively.

Fz[kr. kc]
% 1.0
0.5
< 0.0
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-6 72
—
% 0 72
~
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Fa[ky, kc] can be written as %(—1 )kr 4+
yields

N[—=

— 1
fz[T,C] Z Z ( e]ﬂkr+ e)’TEkC) e]Zﬁk r/Re)ZﬁkCc/C

— 2

72
RC

RC ifr=—6andc=0
= 76 [r+R/2]6[c] + 75[ dle+C/2l =< 72

ifr=0andc = -6
0  otherwise
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(—1)ke = Teimkr 4 ;€7 Substituting this into the synthesis equation
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In the following image, white, gray, and black represent pixel values of 1, 1/4, and —1/2, respectively.

F3[kr. kc]
1.0
0.5
v
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ke
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5
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F3[ky, kc] can be written as ; cos(2mk,/3) + 5 I cos(2mk./3). Substituting this into the synthesis equation yields

R—1 C—1

1 . )
Z Z ( cos(27k,/3) + 2cos(271kc/3)> ei27ks /R gj2mkee/ C
=0 k=0
R—1 C—1
Z Z e)an /3 ]e—)'erk,./S + 1ej2nkc/3 + 1e—j27rkc/3 eJ27ks /R gj2mkee/C
4 4 4
k=0 k=0
36 ifr=-—-4andc=0
36 ifr=4andc=0
RC RC RC RC
776 [r+R/3]5 2 6[T—R/3}5[C]+76[ [c+C/3] +Té[ d[c—C/3]+ =< 36 ifr=0andc=—4

36 ifr=0andc=4

0 otherwise
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In the following image, white, gray, and black represent pixel values of 1, 0, and —1, respectively.

Falkr, k]
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F4lkr, k¢] can be written as (cos(27k,/4) * cos(2mk. /4))/2. Substituting this into the synthesis equation yields

R—1 C—1
falr,c] = Z Z cos(27ke /4) cos(2mk, /4)eI2TkrT/Rgi2mkee/C
ky=0 k=0
R—1 C—1
_ Z Z <1e)'27'[kr/4+ ]ej27rkr/4> (]ejzﬂkc/3+]ej2ﬂkc/3> ejZﬂkrr/Reijkcc/C
B S 2 2 2 2
36 ifr=—-3andc=0
36 ifr=3andc=0
RC RC RC RC
= 76[r+R/4]6[d + Té[rfR/él]é[C] + Té[r]é[chC/‘l] + Té[r]é[C*C/éﬂ =436 ifr=0andc=-3

36 ifr=0andc=3

0 otherwise
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