6.3000: Signal Processing

Discrete-Time Fourier Series

Synthesis Equation
fln] = fl[n+ N] = Z ap €’

Analysis Equation
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Find the DT Fourier Series Coefficients

Let f[n] represent a periodic DT signal with period N =7:
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Determine the Fourier series coefficients F[k] for f[n].
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Let f[n] represent a periodic DT signal with period N =7:
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Determine the Fourier series coefficients F[k] for f[n].
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This is a completely well-formed answer — but we can simplify.



Find the DT Fourier Series Coefficients

Simplifying ...
Flk] = % <i1’>e _jz%kjtge _j27ﬂ2k+e _j27ﬂ3k+e _j27ﬂ4k+§e _j27ﬂ5k+%e _j277r6k)

The last exponential term can be rewritten with a positive exponent:
s .27 .27 21
67]76’{ — 6]77’{6 7_]76]6‘ — e]?k
287k
where we have used the fact that e’ 7 "% = 1.

This identity is also apparent in the complex plane.

e—J%2m _ gjg2m

.6 1 .6 k 1 k
Given that e 9727 = 1727 it follows that (e‘972”) - (e972”)



Find the DT Fourier Series Coefficients
We could get the same answer by summing a different set of time indices.
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Sum n = —3 to 3 instead of 0 to 6:
3
1 2 n
FIH =2 Y flnle %"
1 27 2 1 .orm 1 2 2 27
_ = j73k: £ j72k - ]7116 - —]719 ]7216 —]7316
7( +3 +3e +3e ~l—3e +e

2 21k n 4 Ak . 6 6k

— COS | — — COS | — — COS | —

21 7 21 7 21 7
Whichever way we do the math, the answer reduces to the sum of three
cosine terms.



Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67
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Determine the Fourier series coefficients E[k] for e[n].




Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67
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1
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Determine the Fourier series coefficients E[k] for e[n].
5

1 27
Elk] = EZe[n]e_]?k"
n=0
1/1 2T 2 21 3 21 2 21
N 7]?k “ 7‘7?2k e 7j73k “ 7]?414
5 <3e + 36 + 36 + 36 + 3

Can we simplify the answer by summing over indices centered on 07
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Find the DT Fourier Series Coefficients

How would the answer change if the period were N = 67

e[n]

1

lreletlte o1,

T ?
0 6
Can we simplify the answer by summing over indices centered on 07?

Yes. But we must be careful at the edges.
Include n = —3 or n = 3 but not both.
1 2 2
_ = —j=-kn
E[k] = G z elnle 76

n=-3
1 27 1 .2r 1 .2r 1 -2 2
_ = I3k L 2 0%k L 205k oIk 2
5 (e + 3¢ + 3¢ + 3¢ + 3

Notice that the n = —3 and n = 3 terms are equal.

eI EI = o TEI = (i = (1)



Find the DT Fourier Series Coefficients

Consider a new signal g[n| derived from f[n| as follows:
g[n] =9 = 3f[n —1]

1f[n]
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Find the DTFS coefficients of g[n].



Find the DT Fourier Series Coefficients

Consider a new signal g[n| derived from f[n| as follows:
g[n] =9 = 3f[n —1]
fln]
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0 7
Find the DTFS coefficients of g[n].

The straightforward approach is to calculate g[n] for all n.
An easier approach is to use properties of the Fourier series.
We can use linearity to break the problem into two easier pieces:

gln] = g1[n] — ga[n]
where gi[n] =9 and go[n] = 3f[n —1].



Find the DT Fourier Series Coefficients
We can use linearity to break the problem into two easier pieces.

gln] = g1ln] — ga[n]
where g1[n] =9 and go[n] = 3f[n —1].

6
1 -2
Cll] = 2 30 —3Fkn _ g51k)
n=0

Notice that we must use the same period N =7 for G1[k|, G2[k], and GIk]
in order to (later) apply linearity.

gg[n] combines a delay of 1 sample with multiplying by a scale factor 3.
2
The delay of 1 simply multiplies the Fourier coefficients (of f[n]) by e ITE,
Scaling by 3 similarly multiplies the Fourier coefficients (of f[n — 1]) by 3.
The net result is
2
Golk] = 3¢ T k]
and
_j2mp
Glk] = 96[k] — 3e 7 7 "F[k]



Find the DT Fourier Series Coefficients

Consider another new signal
hln] = (=1)"f[n]

where

Find the DTFS coefficients of h[n].



Find the DT Fourier Series Coefficients

Consider another new signal
hln] = (=1)"f[n]

where

Find the DTFS coefficients of h[n].

What's the effect of multiplying by (—1)*?

Let fi[n] = (=1)"f[n].
Notice that fi[n] is not periodic in N = 7.
We will have to analyze fi[n] with N = 14!



Find the DT Fourier Series Coefficients

How does changing N =7 to N = 14 affect the Fourier series coefficients?
If the period is N = 7 then

1 6
=23 fnleF
n=0

If the period is N = 14 then

Fulk] = Zf ¢ ITH
_ %Zf[n fjl4kn+7zf 7]’%]671
n=0
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_ 1 zfj:f[n] (1 n (_1)k> o 2 _ {F7[k/2] if k& is even

14 e~ 0 otherwise



Find the DT Fourier Series Coefficients

How does changing N =7 to N = 14 affect the Fourier series coefficients?

Fuulk] = {F7[k/2] if k is even
0 otherwise

0 6

Fualk]
j—v—i—v—éw—éw—éw—éw—i—w k
0 12

The components of F; are stretched in F4.
There is no fundamental in Fi4, the harmonics are 0, 2, 4, ... 12.



Find the DT Fourier Series Coefficients

Now find the DTFS coefficients for h[n]:
h[n] = (=1)"f[n]

13

27
HIK = 2 S (1) e T
n=0
13
1 ; _i2mp
= — ejﬂnf[n]e JTg R
14 =
13
1 2T (kT
= 13 2 ke T
= Fulk -7

[ F[(k=T7)/2] ifk—Tis even
a {O otherwise
_ [ F[(k—=T7)/2] ifkis odd
a {O otherwise



Angular Trends

Which of the following plots shows the angle of e 727
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Angular Trends

e It A complex exponential of the form e’? has magnitude 1 and angle
f. Therefore, the angle of e 9% is —x, as shown in plot B.



Angular Trends

Which of the following

plots shows the angle of (1 + 0.8¢7%)7?
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Angular Trends

Z(1 + 0.8¢/%): The number 1+ 0.8¢/% is the sum of 1 with a vector of
magnitude 0.8 and angle x as shown in the following plot.

Im

A
> Re

When z is small, the angle of the sum is zero. As x increases, the angle
increases until x reaches about 3w /4. At this point, the angle of the sum
is on the order of /3. As z increases above 37/4, the angle of the sum
quickly decreases, returning to zero when =z = w. From the symmetry of
the figure, it follows that the angle of the sum is an odd function of x.
Thus the answer is plot E.



Angular Trends

Which of the following plots shows the angle of (M>?
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Angular Trends

(1+0.4ej9ﬂ
240.8¢J%
angle of a real number (1/2), which is zero — plot L.

): Since the denominator is twice the numerator, this is just the



Angular Trends

Which of the following

plots shows the angle of (1 + e/*)?
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Angular Trends
£(1+ €7%):
14 7 — o5 (eij% 4 d%) — 7% 92 cos (g)

Thus the angle of 1+ ¢/ is /2 for —m < x < m. At x = 7 the sign of the
cosine flips so that angle jumps by w. Thus the answer is plot C.



Angular Trends

Which of the following

plots shows the angle of (1 + 0.8¢72%)?
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Angular Trends

Z(140.8¢7%%): This expression looks like part 2 (above) except z is replaced
by 2x. Therefore the answer the same as that for part 2 except that the
X-axis is compressed by a factor of 2 — generating plot G.



Angular Trends

Which of the following

plots shows the angle of (0.9e/*+0.8e77%)?
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Angular Trends

/(0.9¢774-0.8¢77%): The expression 0.9¢/740.8¢77* can be simplified by con-
verting to Cartesian form:
0.9 cos(x) 4+ j0.9sin(x) 4+ 0.8 cos(z) — j0.8sin(z) = 1.7 cos(x) + j0.1sin(x)

0.1sin(z)
1.7 cos(z)

The angle is therefore arctan ( ) = arctan ({- tan(z)) which is plot J.



Angular Trends

Which of the following plots shows the angle of (W*
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Angular Trends

_ 1 ). - . _
“ (1+0.8ejr)- The expression 1 4 0.8’ was evaluated in part 2 (above).

Here the expression is in the denominator, so the answer is the negative of
the answer to part 2 — which yields plot F.



