6.3000: Signal Processing

Continuous-Time Fourier Transform

Synthesis Equation

1 [ ;
x(t) = 27r/ X (w) e dw

Analysis Equation
[o.¢]

X(w) = / x(t) e @t dt

—0o0
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Continuous-Time Fourier Transform

Find the Fourier transforms of the following continuous-time signals.

et ift>0
o 1(t) = .
0 otherwise

[} Jrg(t) = xl(t - to)
e x3(t) = Symmetric{z(¢)}

o 14(t) = Antisymmetric{z ()}

o u5(t) = %Symmetric{xl(t)}



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal

21 (t) = {e‘t ift>0
0 otherwise

Xi(w) = /OO x1(t)e 9t

— 00




Continuous-Time Fourier Transform

Find the real and imaginary parts of X (w).

1 » l—jw 1-jw
l+jw 1—jw 1+w?

Plot these functions.

X(w)

Re{X (w)}

lw| << 1:
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Continuous-Time Fourier Transform

Alternative graphical method.

1
X(w) = ;
1+ jw
The denominator is the sum of two vectors.
Im
denominator\‘y’ .
Jw
> Re

1
X ()] ‘
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Magnitude is symmetric, angle is antisymmetric in Q.




Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

$2(t) = xl(t — to)

wl(t)
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Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.
$2(t) = xl(t — to)

Xo(w) = / o(t)e It dt
= / xl(t — to)e_th dt
Let 7=t — t.
Xa(w) = / 21 (r)e 0O g

. m .
= e Iv0 / x1(7)e 7T dr
—0o0

= e79¥h X (w)



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.
$2(t) = xl(t — to)

Xo(w) = e~ Iwh X (w)

[ Xo(w)[= | X1 ()]
1
- 2 -
I — w — ~T_
-1 1 —1 [\I 7o
—m/2 T

Magnitude is unchanged.
Angle offset by straight line through zero (still antisymmetric).
Why does time delay shift phase by angle proportional to frequency?



Continuous-Time Fourier Transform

Why does time delay shift phase by angle proportional to frequency?
Think about Fourier components of a signal that are each delayed by same

time ty.
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The same amount of time corresponds to different amounts of phase.




Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x3(t) = Symmetric{x(t)}

Xg(w):/ Symmetric{z (t)}e 7 dt

1 [ ,
= / (z1(t) + z1(—t))e ¥ dt
2 J o
1 [ . 1 [ .
= / asl(t)e_J“’tdt+/ x1(—t)e ¥t
2/ o 2/ .
1 1 > jwT
=-Xi1(w)+ = x1(7)e’Tdr
2 2/ .
= LX) + 3 Xa(w)
IR R
1 1 1 1
= () =
2\1+jw  1—jw 14 w?

real and symmetric ZE" real and symmetric



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x4(t) = Antisymmetric{z(t)}

Xy(w) :/ Antisymmetric{z, (t)}e <! dt

1 [ ,
- / (21(8) — 21 (—1))e Tt d
1 * —jwt 1 o —jwt
= x1(t)e ¥t — = x1(—t)e 7t dt
2) 2/
1 1 [ .
= §X1(w) ~3 /_OO x1(T)e!“Tdr
1 1
= §X1(W) - §X1(_W)
_ 1( 1 B 1 ) . —jw
2\14+jw 1—jw/ 14+w?

real and antisymmetric ZE" imaginary and antisymmetric



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x5(t) = %Symmetric{xl (t)}

Xs5(w) = /OO Me_j”t dt

o dt
——— N
dv u dv
) 9] o0 )
= e 99 p3(t) - / x3(t) (—jw)e ¥t
eV o T~ —
u v v du

The first term is zero since the CTFT of x3(t) converged.

o¢]
X5 (w) :jw/ z3(t) e 7 dt
—o
. Jw
= JwXs(w) = 7775
CTET

real and antisymmetric = imaginary and antisymmetric



Continuous-Time Fourier Transform

Alternative method — start with synthesis equation:

1 [ ;
z(t) = 277/ X (w)e? duw

o =0 = & (5 [ X a)

1 [ d .

Jwt
=o9p ) KW de
1 > . jwt

X( ) (jw)e!™ dw
27r

Y (w) = jwX (@)

Straightforward approach (start with analysis) not always simplest.
This is a great example of how Fourier transforms simplify calculus.
Differentiation in time corresponds to multiplication by jw in frequency.



Inverse Continuous-Time Fourier Transform

Find the signal whose Fourier transform is
X(w) = e~ 1l



Inverse Continuous-Time Fourier Transform

Find the signal whose Fourier transform is
X(w) = e~ 1l

1 [ ,
z(t) = 277/ X (w)el“dw

1 /0 . 1 [ ,
= e“eltdw + / e Yel“tdw
0
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