6.3000 Quiz 2 Spring 2025

Name: Solutions

Kerberos (Athena) username:

Please WAIT until we tell you to begin.

This quiz is closed book, but you may use two 8.5 x 11 sheets of notes (four sides).
You may NOT use any electronic devices (such as calculators and phones).

If you have questions, please come to us at the front of the room to ask.

Please enter all solutions in the boxes provided.

Work on other pages with QR codes will be considered for partial credit.
Please provide a note if you continue work on worksheets at the end of the exam.

Please do not write on the QR codes at the bottom of each page.
We use those codes to identify which pages belong to each student.

Trigonometric Identities Reference

cos(a+b) = cos(a) cos(b) — sin(a) n(b) cos(a—b) = cos(a) cos(b) + sin(a) sin(b)

sin(a+b) = sin(a) cos(b) + cos(a) sin(b) sin(a—b) = sin(a) cos(b) — cos(a) sin(b)

(
aTb> cos(a) —cos(b) = —2sin (%b> sin (a%b>
b

cos(a) + cos(b) = 2cos (%) cos (
. . a+ a— . . at+b\ . a—b
sin(a) + sin(b) = 2sin (T) 0s ( ) sin(a) — sin(b) = 2cos (— sin <—>

2
cos(a+b)+cos(a—b) = 2cos(a)cos(b) cos(a+b)—cos(a—b) = —2sin(a)sin(b)
sin(a+b)+sin(a—b) = 2 sin(a)cos(b) sin(a+b)—sin(a—b) = 2cos(a)sin(b)
2cos(a)cos(b) = cos(a—b)+cos(a+b) 2sin(a)sin(b) = cos(a—b)—cos(a+b)
2sin(a)cos(b) = sin(a+b)+sin(a—b) 2cos(a)sin(b) = sin(a+b)—sin(a—b)
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Short-Answer Questions (24 points)

Part a. The left column of the following table shows the input/output relations for four different systems, where
x represents the input and y represents the output of the system. For each system, determine if that system is
additive and/or homogeneous and/or time-invariant, and enter Yes or No in the boxes to the right.

additive? homogeneous? time-invariant?
(Yes or No) (Yes or No) (Yes or No)
il = (=3) (sxi+1) No No No
ym] = sin (x[n]) No No Yes
t
y(t) = J x(t)dt Yes Yes Yes
y(t) = tx(1) Yes Yes No

Part al. Determine if the output of the sum of two inputs (x1 [n]4+xz[n]) is the sum of outputs (yj[n] and y,[n]).

Yyl +yzn] = (—;) ((X1 [n]+1) + (Xz[n]+1)> # (—2> X1 [TL]+X2[T1H1> #y1ml+yzn]

Determine if scaling the input by « scales the output by o.

YscaledM] = (_;)“ (CXX[TL]—H) = <_;>“ (ch[n]—H) + (—;>n <ocx[n]+oc)

Determine if shifting the input shifts the output.

(-i)n (xin-ml+1) # (—L)n_m (xin—m+1)

Part a2.
sin(x; ] +x2[Mm]) # sin(xq) + sin(xz)
asin(xq[n]) # sin(ax[n])

sin(x[n—m}) = sin(x[n—mj)
Part a3.

The integral of a sum is the sum of the integrals.
Scaling the integrand scales the integral.

t t—1to
J x(’cto)d’t—J x(A)dA = y(t—to)

— 00
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Part a4.

1 (1) + tx2(t) = tx1 (1) +x2(t))

tox(t) = otx(t)

t(x(t—to)) # (t—to)x(t—to)
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Part b. Determine the frequency response F(w) of a linear, time-invariant system with the following impulse
response:
f(t) = 1 if2< lt.l <3
0 otherwise

f(t)

! |

-3 -2 2 3

Enter a closed form expression’ for F(w) in the box below.

Flw) = zsm3w B 251n2w
w w

The signal f(t) can be written as the difference between a rectangular pulse that extends from —3 to 3 and a
rectangular pulse that extends from —2 to 2. The Fourier transform of the former is

3 —jwt 3 :

s e sin3w
J e Wt t = —— =2
3 —Jjw |_3 w

sin2w

Similarly, the Fourier transform of the latter is 2 . Thus the total answer is

. .
Flw) :zsm3w _zsm w
w w

! Your expression should not include integrals or derivatives.



6.3000 Quiz 2 Spring 2025

Part c. Determine the frequency response of a linear, time-invariant system with the following unit-sample re-
sponse:

gn] =on] —d[n — 2]

Sketch the magnitude and angle of the frequency response on the axes below. Label the key points.

magnitude angle

l RENNNNG
< NN

The frequency response is the Fourier transform of the unit-sample response:

G(Q) = Z glnle JOM =1 — 720
n=—oo

This frequency response can be simplified by realizing that g[n] is a time-delayed version of &[n+1]—8[n—1],
which would correspond to a sinusoid in frequency. We can take advantage of this fact by factoring the time
delay term out of the expression for G(Q), as follows.

G(Q)=1—e 122 =72 (2 —e72) =j25in(Q)e ¢
The magnitude of the frequency response is the magnitude of 2 sin(Q).
The angle of the frequency response is determined by three factors. First, the j in j2 sin(Q)e 7 contributes
+7/2. Second, sin(0) is negative when 7t < 0 < 27t. Third, the phase term e IO contributes a linear term that
decreases in proportion to (). When () is a small positive number, only the first factor contributes, so the angle
of the frequency response is /2. As Q increases, the linear term decreases the angle of the frequency response
until QO = 7t/2. At that point, the sign of sin((Q)) is negative, so the phase jumps by 7. Then the cycle repeats.
Thus these three factors combine to give rise to the sawtooth function above.
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Cascaded Systems (22 points)

Part a.

Let St represent a linear, time-invariant (LTI) system
whose unit-sample response hj[n] is a unit step: xn] —=| S; — yin]
1 ifn>0
hy[n] = { >
1] 0 otherwise
Determine the response yj[n] of this system when the input x[n] is the following geometric sequence:
_[09™ ifn=>0
xIn] { 0 otherwise
Enter the first 5 values of yi[n] in the boxes below.

Y110l = 1

yi[1] = 1+ 0.9

y1l2] = 14 0.9 +0.9?

Y113l = 14094092 +0.93
yi14 = 14 0.9 +0.92 +0.9% + 0.9

Enter a closed-form expression” for y[n] in the box below.

_ n+1
yiln] = 1](390)9 ulm] = (10 — 9(0.9)™) uln]
0 i n _ ) on+l
yin] = mZOO hy[m]uln—m] = mZOO 0.9™u[m]un—m] = ZO 0.9™ = ]]3909 =10—9(0.9)™

2 Your expression can contain additions, subtractions, multiplications, divisions, and exponentiations, but no other operators. Also, the
number of operations required for each y1 [n] should be bounded by a constant as n. — oo.
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Part b. Si5

Let S1, represent the linear, time-invariant (LTI)

system that results when two LTI systems (S7 and S3) y1[n] R

are connected in cascade (so that the output of Sy is Xl —> S5 = 52 > Yan)

the input to S;) as shown in the figure to the right.

Determine the unit-sample response h1;[n] of S72 when the unit-sample response h [n] of system Sy is a unit-step
function u[n] and the unit-sample response h; [n] of system S, is also a unit-step function unJ:

hin] =un]
ha[n] =uln]

Enter a closed-form expression® for hy;[n] in the box below.

hion] = (n+1)uMmn]

hion] = (wu)Mn]

= Z umjun — m]

= Y umun—mj
m=0

= (n+1)un]

3 Your expression can contain additions, subtractions, multiplications, divisions, and exponentiations, but no other operators. Also, the
number of operations required for each hy;[n] should be bounded by a constant as n — .
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Part c.

Let S123 represent the LTI system that results 5123

when three LTI systems (S1, Sz, and S3) are y1ml Y2 [TIL R
connected in cascade, as shown in the figure to Xnj—p> S1 == 5 > 53 > ysinl
the right.

Determine the unit-sample response hy,3[n] of S123 when the unit-sample response h[n] of system S is a unit-
step function u[n], the unit-sample response h;[n] of system S, is a unit-step function u[n], and the unit-sample
response h3[n] of system S3 is also a unit-step function u[n]:

hi[n] =un]
ha[n] =uln]
hz[n] =uln]

Enter the first 5 values of h;23[n] in the boxes below.

hi23(0] = 1
hi23(1] = 3
hi23[2] = 6
hi23(3] = 10
hiy3[4] = 15

(uxuwsxu)nl = ((wxu)*xu)nl

= )  (m+Dumjun-—m|

m=—o0

= Z (m+1)

m=0

Mm+1)(n+2)
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Pulsed Relations (27 points)

Let f(t) represent the following signal

; f(t) F(w)

f={ <] Y g

0 otherwise
and let F(w) represent its Fourier transform 05 1
sin(w)
Flw) =2 9% T I B N FUVVA S Ve
. 3 -2 -1 0 1 2 3 -4n -2n O 2n  4n

as shown on the right. i time ¢ frequency w

Each of the following plots shows the magnitude of the Fourier transform of a signal derived from f(t).
Note that the magnitude scales for these plots are not specified and may differ from one another.

A B C

—élln -2n 0 2n an —4n  -2n 0 2n an —4n  -2n 0 2n an

Identify which plot (A-I) shows the magnitude of each of the following derived signals.

f(t/2): F f(t)sin(2mt): | H
(f*f)(t): E f(t) cos(27t) : I
f(2t) : D f(t)el2mt B
ft—1):| A f(t)e J27t . C
tf(t) : G

11
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Part 3a.

o0 o0
Fi(w) = J f(t/2)e I®tdt = J f(1)e V27 2dt = 2F2w)
— 00 — 0o

Answer: F
Part 3b.

Fo(w) = J (f ) (t)eTtdt = F2(w)
Answer: E
Part 3c.

(X) . Oo .
F3(w) = J f(2t)e I@tdt = J f(1)e Iv241/2 = F(w/2)/2
— 0o — 0o

Answer: D
Part 3d.

Falw) = J f(t—1)e 1@ dt = J f(r)e Tt = eij f(t)e 1°Tdt = F(w)
Answer: A
Part 3e.

Flw) = J f(t)e Ivtdt

F o .
dflw) _ J —jtf(t)e It dt
dw IS
dF(w

Fs(w) =)

Answer: G

12
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Part 3h.

o0 0
Fg(w) = J f(t)e?te TVt gt = J f(t)e)2te I (W=2mt gt — F(w — 2m)
— 00 — 00
Answer: B
Part 3i.
Fo(w) = J f(t)e 2T teIWt gt — J f(t)e)? eI (W2t g — F(w + 2m)
Answer: C
Part 3g.
0 . 0 1 9 i : 1
Fr(w) = J f(t) cos(2mt)e I tdt = J f(t)z (77 + e ) eIV qt = 5 (F(w—Zﬂ) + F(w+27t)
— 50 —00
Answer: 1
Part 3f.
oo . oo 1 . ) . 1
Fo(w) = J f(t) sin(2mt)e I @tdt = J f(t)j—z (e)27t — 12 eIt gt = o (F(w—Zn) — F(w+27'c>
Answer: H

Modulation by the cosine function produces two main lobes with the same peak amplitudes (one at w=27m and
one at w= — 27) as well as a series of sidelobes.

The distinquishing feature of panels H and I are that the side lobes have different amplitudes.
The cosine can be written as a sum of €/t and e 7t Both of these terms produce two sidelobes near w=0.

For the e 7%t term, the main lobe is at w=27, the sidelobe to the right of w=0 is negative, and the sidelobe to
the left of w=0 is positive.

For the e¥®! term, the main lobe is at w= — 27, the sidelobe to the left of w=0 is negative, and the sidelobe to the
right of w=0 is positive.

Because the contributions to the sidelobes to the right of w=0 are opposite in sign, they tend to cancel. The same
is true for the sidelobes to the left of w.

For the sine terms, the main lobes are opposite in sign, and the two sidelobes to the right of w=0 have the same
sign.

13
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Pulses In Pulses Out (27 points)

The first 12 samples of four periodic signals that are each periodic in N=12 are shown in the left column below,
and the magnitudes of their Fourier series coefficients are shown in the right column.

<% co0doo
ST
+o09¢o09o000000o0 M 1 ——k
0 2 4 6 8 10 —-6—4-2 0 2 4 6
b0 nn‘]’nn
2] [F2(K] T T
9090000000 M ? ?T ' ' T? >k
0 2 4 6 8 10 —-6—4-2 0 2 4 6
b0 0 0do
° )
f3[nl |F31K]|
0900000000 M j—?—?? ??—?—Ik
0 2 4 6 8 10 —-6—4-2 0 2 4 6
%00 n‘l’n
f4ln] ] IF4lK]|
l 0000090000 n _?_?_?_ei io_i’_?_?_k
0 2 4 6 8 10 —6—4-2 0 2 4 6

Part a. Consider a system S,4 that produces f4[n] as output when f;[n] is its input.

faln] —»| Sy4 = fan]

Determine the unit-sample response h4[n] and frequency response Hy4 (k] of system S,4 and enter expressions
for ho4[n] and Hy4[k] in the boxes below.

hosn] = Sl + dn—2]

Hoalk] = ]172(1+ef]'71k/3)

Sketch the magnitude of the frequency response Hj4[k| on the axes below.

k
—-6—4 -2 0 2 4 6

14
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Part b. Consider 16 possible systems that are each defined by its input signal f;[n] and output signal f, [n]:

fin] —»| Six —» fonl

Some of these systems could be linear and time invariant (LTI); others cannot.

Determine which of the 16 systems cannot possibly be LTI, and enter X in the corresponding box below.

4+ 1 X X | X

If a system is LTI, then its frequency response Hj; [k] is the ratio of the Fourier series coefficients of its output F;[k]
divided by its input F; [k]:

F; k]

Filkl

Notice that this ratio is infinite if F; [k] = O when F;[k] # 0. This relation follows from the filtering property of LTI

systems: if Fi[k] = O then there is no possible value of Hj;[k] for which F;[k] could be nonzero, and the system
cannot be LTI

Hij (k] =

Row 1: The Fourier series coefficients Fq [k] are all nonzero, so we can define Hy;[k] = Fq[kl/F;[k] for all k. All of
the entries in the first row correspond to possible LTI systems.

Row 3: The fourth harmonic of f3[n] is missing (i.e., its amplitude is zero). Therefore if f3[n] is the input signal,
then none of the other signals other than f3[n] could result if the corresponding system is LTIL. Therefore S31, S32,
and S34 must be nonlinear. Of course S33 could be LTI (with h33[k] = 8[k]).

Row 2: The sixth harmonic is missing from f;[n] but not from fy[n] or f3[n]. therefore Sy; and S;3 must be
nonlinear. The sixth harmonic is missing from both f;[n] and f4[n]. Therefore the ratio of F4[n] to Fz[n] is
indeterminant. It follows that H24 could be any number and S;4 could be LTL

15
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