6.3000 Quiz 2 Fall 2022
System Identification (20 points)

Part a. Two linear, time-invariant, continuous-time systems, 81 and 8§, are connected so that the output of 87 is
the input to 8, as shown in the following figure.

x(t) —» 81 — 5P > y(t)

The impulse response of 87 is
hi(t) = e tu(t)

and the impulse response of §; is
ho(t) = e 2tu(t)

where u(t) represents the unit-step function:

1 ift>0
t) = Z
u(t) {O otherwise

Find a differential equation of the form
aoy(t) + ary’(t) + azy”(t) +--- = box(t) + byx'(t) + boax"(t) + - --

to relate x(t) and y(t), where ap, aj, az, ...and by, by, by, ... represent constants, primes represent derivatives,
double primes represent double derivatives, and the ellipses represent higher order terms.

Note that your answer should not contain any z(t) terms.

Enter your differential equation in the box below.

2y(t) + 3y’ (t) +y”'(t) = x(t)

Find the frequency responses of 81 and 8,:

Hi(w) :J' etu(t)ejwtdt:J e~ IHiwitgy —

—00 0 1 +](U
OO . (x .

Hs(w) = J e 2tu(t)e Itdt = J e~ (2Hiwitgy — ,
—00 0 2+)(U

The frequency response of 8 is the product of Hy and H;, which is equal to the ratio of the Fourier transform of
y(t) over that of x(t):
1 Y(w)

Hlw) =Hil0Iha(0) = 5 5E o) ~ X)

Therefore
X(w) = (24 3jw + (jw)*)Y(w)

Taking the inverse Fourier transform yields the desired differential equation:
2y(t) + 3y’ (1) +y" (1) = x(t)

Multiplying each term by the same constant results in an equally acceptable solution.
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Part b. Consider a linear, time-invariant, discrete-time system with the unit-sample response h[n] given below:

= i ot [n—4i]

0 4 8 12 16 20
where 0 < & < 1.
Determine a difference equation to relate the input x[n] and output y[n] of this system.

Enter your difference equation in the box below.

ynl — ayn —4] = x[n]

Note: Your solution does not have to be closed-form to receive full credit.

Method 1. The convolution sum can be used to find a relation between input and output samples, as follows.

i him]x[n—m] = i i(xié[m—éﬁ]x[n—m]:i Z ot s [m—4i]x[n—m] Zcxxn 44)
m=—00 m=—oo 1=0 1i=0 mM=—00

yn] = x[n] 4+ axn —4] + a®x[n — 8] + ax[n — 12] +

This expression has an infinite number of terms, but it can be simplified by using the linear time-invariant prop-
erties of the system.

ynl = x[n] + ax[n—4] + a?x[n—8] + a>x[n—12] +
ayn—4] = ax[n—4] + o*x[n—8] + «>xM—12] + a*x[n—16] +
ym| — ayn—4] = x[n]

Method 2. An alternative approach is to work in the frequency domain. The frequency response of the system is
the Fourier transform of the unit-sample response.

: 1
—30n __ ]Qn _ —jQ41 __
E h[n]e %™ E «'8[n—4ile” E ate R ——Te)

n=—oo m=0

The frequency response is the ratio of the Fourier transforms of y and x:

1 Y(Q)
HiQ) = T—ae 190~ X(Q)

X(Q) = (1 —ae* )Y (Q) = Y(Q) — ae?*Y(Q)

We can find the difference equation by taking the inverse Fourier transforms of each term:

yml — aym—4] = x[n]



6.003 Quiz 2
Systems (20 points)
Part a. Let § represent a linear, time-invariant system with unit-sample response

hin] = { (%)n if n is both even and greater than or equal to 0

0 otherwise
If the input to § is

x[n] = cos(mn/4)
then the output can be written in the following form:
y[n] = A cos(mm/4) + B sin(nmn/4)

Determine A and B and enter these numbers in the following boxes.

—_
[

A =

—_
~

o~}
I
Nl

The frequency response of § is

00 0 1\ "™ 00 1 2m 1
_ —jOon __ —jOn __ —jQ2m __
@)= 3wt = 3 (3) = 3 (3) e = iy

n=—oo n=0
n even

The input signal can be written as
x[n] = cos(mn/4) = Re <ej7'tn/4)

and the corresponding output is then

o= (1)) e (e
= Re (Hjjlje)'ﬂnﬂl) — Re (41jeiﬂﬂ/4>
= Re <<16]—74j) (cos (Z—n) —l—j sin <T>>>

= :gcos (714;1) + f; sin (Z—n)

Spring 2022
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Part b. A system is constructed from three identical subsystems: R, R, and R3. The input signal x; and output
signal y; of each subsystem are related by the following differential equation:

d
yi(t) + Eyi(t) =xi(t)

where iis 1,2, and 3 for Ry, R, and R3, respectively. The three subsystems are connected so that the output of
R1 becomes the input to R, and the output of R, becomes the input to R3 as shown in the following diagram.

1=72 2=
=] —»| Rq y_’ u»

Ro R3 p—» Y3=y

If the input to the combined system is
x(t) = x1(t) = cos(t)

then the output can be written in the following form:
y(t) =ys3(t) = Ccos(t — ¢)

Determine C and ¢, and enter these numbers in the following boxes.

1

€= 22

¢ = 3m
= 4

Determine the frequency response of each subsystem by taking the Fourier transform of its differential equation:

Yi(w) +jwYi(w) = Xi(w)

Then the frequency response of the ith subsystem is
Yi(Q) 1
H' = =
) Xi(Q) T+jw

The frequency response of the composite system is the product of those for each subsystem:

Y(Q) 1y
H = =
@ =501~ (750)
The input signal can be written as a sum of complex exponentials:
T 1
= = —e)t 4 _eit
x(t) = cos(t) >€ + >¢

and the resulting output signal is then

3 3
w0 = griner+ Jine =3 (7)o () e
1

2

2 2
1\ . A 1T 1 3n
= Re —— ] et | =Re (em/4> et | =Re <e“t3”/4)> = ——cos <t— )
((1 +J> ) ( 2 2V2 2v2 4
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Convolutions (27 points)

Part a. Let f; represent the following signal:

fim] = { (="

0

ifo<n<eo

otherwise

and let f; represent the signal that results when f; is convolved with itself:
fan] = (f1 « f1)n]

Determine the first 15 samples of f; and enter their values in the boxes below.

f2001:] 1 f2[5]:] —6 f2[10]:f 1
f2[1]:] —2 fal6l:| 5 f2[11]:] 0
f221: 3 f2[71:| —4 f2[12]:] 0
f213]:] —4 f208:] 3 f2[13]:] 0
f2[4l:| 5 f2091:] =2 f2[14]:] ©
> flmlfln—m]
6

Fall 2022
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Part b. Let g7 represent a signal whose even-numbered samples are 1 and whose odd-numbered samples are
zero. Let g; represent the signal that would result from the following procedure:

e use an analysis width N = 6 (i.e.,, 0 < n < 6) to calculate the DFT G of g7,
e let Gy[k] = G3[k], and
e take the inverse DFT of G, and multiply by N = 6 to find g>.

Determine g, (0] through g>[5] and enter their values in the boxes below.

g2[01:] 3
g2(11:] 0
g202l:] 3
g23:| 0
g241:] 3
g2050:| 0

The procedure described for computing g, is equivalent to circularly convolving the first N samples of g7 with
itself using an analysis window N = 10. Circular convolution is equivalent to conventional convolution followed
by aliasing as follows:
(g ®g)l= > (g1*g1)Mn+iN]
m=—oo
We can compute the conventional convolution of g7 with itself using superposition or flip-and-shift. Either way,
we get the following result.

After aliasing, the following signal results:
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3 DFTs of Sinusoids (32 points)

Each of the following eight signals (xo[n] through x7[n]) are defined by functions of discrete time n.

xoMm] = cos(9mm/32): | ] x4[n] = cos(2mm/5): | L
x1[m] =cos(9m/16): | B xsm] = |cos(9m/32)|: | N
x2[M] =cos(9m/26): | K xgMm] = cos?(9m/32): | C
x3[n] =cos(9m/36): | A x7Mm] = cos3(9m/32): | M

Discrete Fourier Transforms (DFTs) of length N = 32 are computed for each of these signals. Identify which of
the plots below shows the magnitude of each of these DFTs as a function of frequency index k. Then write the
letter of that plot in the corresponding box above.

The vertical scales for these plots differ. Each has been normalized so that its peak magnitude is 1.
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2 Sampling

Consider taking a signal z(-) that is periodic in 7' = 1 second and sampling at a sampling rate of 6 samples
per second to obtain DT signal z[-] that is periodic in N = 6. Analyzing the resulting DT signal, you find that:
e z[-] is a symmetric function of n.
¢ z[n] is positive for all values of n.
o (0] + x[1] + z[2] + 3] + x[4] + x[5] = 3.
o z[0] — z[1] + z[2] — z[3] + z[4] — z[5] = 1.

¢ most of the Fourier series coefficients X|-] are 0; only two out of every 6 coefficients are nonzero.

What are two distinct CT functions z(-) that could have produced the results shown above?

We can start by thinking about the DTFES coefficients (with N' = 6) of the sampled signal. The fact that
Z z[n] = 3 tells us that the DC component is:
n=(N)

szé(E:ﬂm):ém:;

n=(6)

The other important fact has to do with the alternating sum. We are given that Z z[n|(—1)" = 1 This tells
n=(6)
us about the component at k£ = 3:

XBl =+ Y afplei™ =

-5 > ) (Z x[n](—l)") = =g
n=(6) n—(6)

Since those are the only two non-zero DTFS coefficients, we can determine an expression for the discretized

[

signal:
1 1
x[n] = 5 + 6 cos(mn)

Now we need to determine a CT signal that, when sampled at a rate of 6 samples per second, gives us the
expression above.

The DC component is unaffected by sampling, so we just need to find a CT cosine that, when sampled
appropriately, gives us cos(mn).

We want a DT cosine where Q2 = 7 (rad/sample), and we are given that f; = 6 (samples/second). So we
need w (rad/sec) = Qfs = 67.

Thus, one CT signal that has these properties is given by x(t) = § + & cos(6mt).

We can find another CT signal that aliases down to the proper value by adding 27 to €2. In order to make
Q = 3w, we need w = 187. Thus, another CT signal that has the given properties is z(t) = £ + ¢ cos(18mt)
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D=

L cos(67t)

& cos(18t)
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