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Why Focus on Fourier?

What’s so special about sines and cosines?

Sinusoidal functions have interesting mathematical properties.

→ harmonically related sinusoids are orthogonal to each other over [0, T ].

Sines and cosines also play important roles in physics

– nuclear magnetic spins underlie MRI imaging

– physics of waves underlie many applications



Physical Example: Vibrating String

A taut string supports wave motion.

The speed of the wave depends on the tension on and mass of the string.



Physical Example: Vibrating String

The wave will reflect off a rigid boundary.

The amplitude of the reflected wave is opposite that of the incident wave.



Physical Example: Vibrating String

Reflections can interfere with excitations.

The interference can be constructive or destructive depending on the fre-

quency of the excitation.



Physical Example: Vibrating String

We get constructive interference if round-trip travel time equals the period.

x = 0 x = L

Round-trip travel time =
2L
v

= T

ωo = 2π
T

= 2π
2L/v = πv

L



Physical Example: Vibrating String

We also get constructive interference if round-trip travel time is 2T .

x = 0 x = L

Round-trip travel time =
2L
v

= 2T

ω = 2π
T

= 2π
L/v

= 2πv
L

= 2ωo



Physical Example: Vibrating String

In fact, we also get constructive interference if round-trip travel time is kT .

x = 0 x = L

Round-trip travel time =
2L
v

= kT

ω = 2π
T

= 2π
2L/kv = kπv

L
= kωo

Only certain frequencies persist: harmonics of ωo = πv/L.

This is the basis of stringed instruments.



Physical Example: Vibrating String

More complicated motions can be expressed as a sum of normal modes

using Fourier series. Here the string is “plucked” at x = l.

x = 0 x = L

l



Fourier Optics

Fourier relations play important roles in many branches of physics

– especially those concerning wave phenomena.

Today: Fourier relations in optics.



Optical Imaging

Images from even the best microscopes are blurred.

Blurring is a fundamental property of lenses.



Optical Imaging

A perfect lens transforms a spherical wave of light from a target into a

spherical wave that converges to an image of the target.

However, to be perfect, the lens would have to be infinitely large.

Blurring is inversely related to the diameter of the lens.
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Optical Imaging

A perfect lens transforms a spherical wave of light from a target into a

spherical wave that converges to an image of the target.

target image

Blurring is inversely related to the diameter of the lens.



Optical Imaging

Today’s lecture is on how the size of a lens affects image resolution, and

how Fourier representations can be used to understand (and even overcome

some of) these limitations.

target image

Blurring is inversely related to the diameter of the lens.



Fourier Optics

If a target is located in the focal plane of a lens, light from a point on the

target forms a plane wave as it passes through the lens.

x

ω

0
xo

If the target point lies on the axis of the lens, then the plane wave is

perpendicular to the imaging plane.



Fourier Optics

If a target is located in the focal plane of a lens, light from a point on the

target forms a plane wave as it passes through the lens.

x

ω

0
xo

If the target point lies on the axis of the lens, then the plane wave is

perpendicular to the imaging plane.

If the target point lies off the axis of the lens, then the plane wave is no

longer perpendicular to the image plane. The light striking the image plane

has linearly increasing phase delay with distance.



Fourier Optics

Light from the point x=0 generates a plane wave, that is everywhere in

phase at the imaging plane.

x

ω

0
xo

δ(x)→ 1

Light from x=xo generates a plane wave with linearly increasing phase lag.

x

ω

0
xo

δ(x−xo)→ e−jωxo



Fourier Optics

The target can be described as a collection of point sources of light

f(x) =
∫
f(xo)δ(x−xo) dxo

x

ω

0
xo

and the result in the image plane is a superposition of plane waves, one for

each point in the target.

g(ω) =
∫
f(x) e−jωx dx = F (ω)

Notice that g(ω) = F (ω) is the Fourier transform of f(x).

Fourier Optics: f(x) ctft=⇒ F (ω)



Fourier Optics

If an object is more than one focal distance from the lens, then the light

converges to create an image of the object in the image plane.

x

x′

0
xo

This is equivalent to two lenses: one located a focal distance from the

object and one located a focal distance from the image.

x

x′

0
xo



Fourier Optics

Now the Fourier transform relation holds for both halves of the system.

x

ω x′

F (ω) =
∫
f(x)e−jωxdx

f ′(x′) = 1
2π

∫
F (ω)ejωx′dω

Ideally, both limits of integration would be infinite.

However the finite diameter of the lens limits the highest frequencies |ω|.



Fourier Optics

Light emanating from the target at large angles is not captured by the lens.

x

ω x′

F (ω) =
∫
f(x)e−jωxdx

f ′(x′) = 1
2π

∫
F (ω)ejωx′dω

As a result, the image at x′ is a lowpass version of the target at x.









Demonstration
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Summary

Fourier transforms are important in many branches of physics, mathemat-

ics, electrical engineering, and computer science.

Today we saw how Fourier optics helps us to understand why optical

systems blur.

We also introduced Synthetic Aperture Optics as a way to overcome

some limitations of conventional optics.

– greatly reduced the blurring in conventional microscopy

This new method of optical imaging is directly inspired by Fourier trans-

forms – and especially by the application of modulation to optics.



Question of the Day

Because the diameter of a lens limits the frequency content of an im-

age, we can think of the transformation from f(x) to f(x′) as lowpass.

x

ω x′

F (ω) =
∫
f(x)e−jωxdx; f ′(x′) = 1

2π

∫
F (ω)ejωx′dω

Specify a simple modification to such an imaging system so that

the transformation is bandpass (i.e., having not only a high-

frequency cutoff but also a low-frequency cutoff).


