
6.300 Signal Processing
Week 3, Lecture B:

Discrete Time Fourier Series 

• Fourier series representations for discrete-time signals
• CTFS vs DTFS
• Application of DTFS

Lecture slides are available on CATSOOP:
https://sigproc.mit.edu/fall25

Quiz 1:
Tuesday September 30,
2-4pm 50-340 



Brief Review

Synthesis:

Analysis:

Today: Apply the FS ideas to DT signals and introduce the DT Fourier Series

Continuous Time Fourier Series Discrete Time Sinusoids

• n is always an integer!

• Aliasing and base-band 

𝑥𝑥[𝑛𝑛]  = Acos(Ω𝑛𝑛 + Φ)



Check Yourself

• The period N of a periodic DT signal must be an integer. 

• While this is not surprising, it leads to an interesting consequence.



Recall: Continuous-time Fourier Series

= �
𝑘𝑘=−∞

∞

𝐹𝐹[𝑘𝑘]𝑒𝑒𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑇𝑇 𝑡𝑡



Number of Harmonics

• For DT signals with period N, as Ωo is a submultiple of 2π, there are (only) 
N distinct complex exponentials 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑛𝑛. The rest harmonics alias.

• In the case of CTFS, there can be infinite number of harmonics, 

Example of N = 8: Ω0 =
2𝜋𝜋
8

=
𝜋𝜋
4

There are only 8 unique harmonics(𝑘𝑘Ω0):
0𝜋𝜋
4

, 𝜋𝜋
4

, 2𝜋𝜋
4

, 3𝜋𝜋
4

, 4𝜋𝜋
4

, 5𝜋𝜋
4

, 6𝜋𝜋
4

, 7𝜋𝜋
4

− 3𝜋𝜋
4

,−2𝜋𝜋
4

,−𝜋𝜋
4

, 0𝜋𝜋
4

, 𝜋𝜋
4

, 2𝜋𝜋
4

, 3𝜋𝜋
4

, 4𝜋𝜋
4

 
or

…



Finitely-many Unique Harmonics
There are N distinct complex exponentials with period N. 

If a DT signal is periodic with period N, then its Fourier series contains just 
N terms.



Recall: Continuous-Time Fourier Series



Discrete-Time Fourier Series

= �
𝑁𝑁 𝑖𝑖𝑖𝑖 𝑘𝑘 = 0
1 − (𝑒𝑒𝑗𝑗Ω0𝑘𝑘)𝑁𝑁

1 − 𝑒𝑒𝑗𝑗Ω0𝑘𝑘
= 0 𝑖𝑖𝑖𝑖 𝑘𝑘 ≠ 0



Discrete Time Fourier Series
DT Fourier series comprise a weighted sum of just N harmonics. 

𝑥𝑥 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 + 𝑁𝑁 = �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑘𝑘

How to find the weights?

∑𝑛𝑛=𝑛𝑛0
𝑛𝑛0+𝑁𝑁 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑘𝑘 � 𝑒𝑒−𝑗𝑗Ω0𝑚𝑚𝑛𝑛

DT Fourier components are also orthogonal:

= �
𝑛𝑛=<𝑁𝑁>

𝑒𝑒𝑗𝑗Ω0(𝑘𝑘−𝑚𝑚)𝑛𝑛

= �
𝑁𝑁 𝑖𝑖𝑖𝑖 𝑘𝑘 = 𝑚𝑚
1 − (𝑒𝑒𝑗𝑗Ω0 𝑘𝑘−𝑚𝑚 )𝑁𝑁

1 − 𝑒𝑒𝑗𝑗Ω0 𝑘𝑘−𝑚𝑚 = 0 𝑖𝑖𝑖𝑖 𝑘𝑘 ≠ 𝑚𝑚

= �
𝑛𝑛=0

𝑁𝑁−1

(𝑒𝑒𝑗𝑗Ω0 𝑘𝑘−𝑚𝑚 )𝑛𝑛

= 𝑁𝑁 � 𝛿𝛿[𝑘𝑘 −𝑚𝑚]



Finding DTFS coefficient
Start with DTFS representation:

𝑥𝑥 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 + 𝑁𝑁 = �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑘𝑘

Then “sift” out one component 𝑋𝑋[𝑙𝑙] :

= �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋[𝑘𝑘] � 𝑁𝑁 � 𝛿𝛿[𝑘𝑘 − 𝑙𝑙] 

= �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋[𝑘𝑘] �
𝑛𝑛=<𝑁𝑁>

(𝑒𝑒𝑗𝑗Ω0 𝑘𝑘−𝑙𝑙 )𝑛𝑛�
𝑛𝑛=<𝑁𝑁>

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑙𝑙𝑙𝑙 = �
𝑛𝑛=<𝑁𝑁>

�
𝑘𝑘=<𝑁𝑁>

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑛𝑛𝑒𝑒−𝑗𝑗Ω0𝑙𝑙𝑙𝑙

𝑋𝑋 𝑘𝑘 =
1
𝑁𝑁

�
𝑛𝑛=<𝑁𝑁>

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘 = 𝑁𝑁 � 𝑋𝑋[𝑙𝑙]



Periodicity with Fourier Series Coefficient 𝑋𝑋[𝑘𝑘]
Consider a signal x[n] that is periodic in N, and consider finding the 
(k + N)th Fourier Series coefficient:

𝑋𝑋 𝑘𝑘 =
1
𝑁𝑁

�
𝑛𝑛=<𝑁𝑁>

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘



Discrete Time Fourier Series
A periodic DT signal with N samples produces a periodic sequence of N 
Fourier series coefficients. 

𝑥𝑥 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 + 𝑁𝑁 = �
𝑘𝑘=𝑘𝑘0

𝑘𝑘0+𝑁𝑁−1

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘

DTFS has just N coefficients, whereas CTFS had infinitely many!

𝑋𝑋 𝑘𝑘 = 𝑋𝑋[𝑘𝑘 + 𝑁𝑁] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘



Fourier Series Summary
CT and DT Fourier Series are similar, but DT Fourier Series have just N 
coefficients while CT Fourier Series have an infinite number.

𝑥𝑥 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 + 𝑁𝑁 = �
𝑘𝑘=𝑘𝑘0

𝑘𝑘0+𝑁𝑁−1

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘

Continuous-Time Fourier Series

𝑋𝑋 𝑘𝑘 = 𝑋𝑋[𝑘𝑘 + 𝑁𝑁] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘

Discrete-Time Fourier Series

Synthesis equation

Analysis equation

𝜔𝜔0 =
2𝜋𝜋
𝑇𝑇

Synthesis equation

Analysis equation
Ω0 =

2𝜋𝜋
𝑁𝑁



Check yourself
• What are the Fourier Series coefficients of the following signal? 

𝑥𝑥 𝑛𝑛 = 1 + cos(
2𝜋𝜋
5
𝑛𝑛)

𝑋𝑋 𝑘𝑘 =
1
𝑁𝑁

�
𝑛𝑛=<𝑁𝑁>

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘𝑥𝑥 𝑛𝑛 = �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗Ω0𝑘𝑘𝑘𝑘



Check yourself
• What are the Fourier Series coefficients of the following signal? 

𝑥𝑥 𝑛𝑛 = 1 + sin(
𝜋𝜋
4
𝑛𝑛) Participation question for Lecture



Check yourself
• What are the Fourier Series coefficients of the following signal? 



Check yourself
• What are the Fourier Series coefficients of the following signal with a 

period of N=10? 𝑥𝑥 𝑛𝑛 = 0.5



Properties of DTFS: Linearity
• Consider 𝑦𝑦[𝑛𝑛] = 𝐴𝐴𝑥𝑥1[𝑛𝑛] + 𝐵𝐵𝑥𝑥2[𝑛𝑛], where 𝑥𝑥1[𝑛𝑛] and 𝑥𝑥2[𝑛𝑛] are 

periodic in N. What are the DTFS coefficients 𝑌𝑌[𝑘𝑘], in terms of 𝑋𝑋1[𝑘𝑘] 
and 𝑋𝑋2[𝑘𝑘] ?

First, 𝑦𝑦[𝑛𝑛] must also be periodic in N

𝑌𝑌 𝑘𝑘 =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑦𝑦 𝑛𝑛 𝑒𝑒−𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘 =

1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

(𝐴𝐴𝑥𝑥1 𝑛𝑛 + 𝐵𝐵𝑥𝑥2 𝑛𝑛 )𝑒𝑒−𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘

= 𝐴𝐴
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥1 𝑛𝑛 𝑒𝑒−𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘 + 𝐵𝐵

1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥2 𝑛𝑛 𝑒𝑒−𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘

If 𝑦𝑦 𝑛𝑛 = 𝐴𝐴𝑥𝑥1 𝑛𝑛 + 𝐵𝐵𝑥𝑥2 𝑛𝑛 , 𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑌𝑌 𝑘𝑘 = 𝐴𝐴𝑋𝑋1 𝑘𝑘 + 𝐵𝐵𝑋𝑋2[𝑘𝑘] 



Properties of DTFS: Time flip
• Consider 𝑦𝑦[𝑛𝑛] = 𝑥𝑥[−𝑛𝑛], where 𝑥𝑥[𝑛𝑛] is periodic in N. What are the 

DTFS coefficients 𝑌𝑌[𝑘𝑘], in terms of 𝑋𝑋[𝑘𝑘]?

𝑌𝑌[𝑘𝑘] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑦𝑦[𝑛𝑛]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛=

1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥[−𝑛𝑛]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛

Let 𝑚𝑚 = −𝑛𝑛

𝑌𝑌[𝑘𝑘] =
1
𝑁𝑁

�
𝑚𝑚=−𝑛𝑛0

−(𝑛𝑛0+𝑁𝑁−1)

𝑥𝑥[𝑚𝑚]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 (−𝑚𝑚)

= 𝑋𝑋[−𝑘𝑘]

If 𝑦𝑦 𝑛𝑛 = 𝑥𝑥 −𝑛𝑛 ,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑌𝑌[𝑘𝑘] = 𝑋𝑋[−𝑘𝑘]

First, 𝑦𝑦[𝑛𝑛] must also be periodic in N

=
1
𝑁𝑁

�
𝑚𝑚=−𝑛𝑛0

−𝑛𝑛0−𝑁𝑁+1

𝑥𝑥[𝑚𝑚]𝑒𝑒−𝑗𝑗
2𝜋𝜋(−𝑘𝑘)

𝑁𝑁 𝑚𝑚

Flipping in time flips in frequency.



Properties of DTFS: Time Shift
• Consider 𝑦𝑦[𝑛𝑛] = 𝑥𝑥[𝑛𝑛 −𝑚𝑚], where 𝑥𝑥[𝑛𝑛] is periodic in N, m is an 

integer. What are the DTFS coefficients 𝑌𝑌[𝑘𝑘], in terms of 𝑋𝑋[𝑘𝑘]?

𝑌𝑌[𝑘𝑘] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑦𝑦[𝑛𝑛]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛

Let 𝑙𝑙 = 𝑛𝑛 −𝑚𝑚, 𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑛𝑛 = 𝑙𝑙 + 𝑚𝑚 

𝑌𝑌[𝑘𝑘] =
1
𝑁𝑁

�
𝑙𝑙=𝑛𝑛0−𝑚𝑚

𝑛𝑛0−𝑚𝑚+𝑁𝑁−1

𝑥𝑥[𝑙𝑙]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 (𝑙𝑙+𝑚𝑚)

If 𝑦𝑦 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 −𝑚𝑚 ,  𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑌𝑌[𝑘𝑘] = 𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑁𝑁 𝑋𝑋[𝑘𝑘]

First, 𝑦𝑦[𝑛𝑛] must also be periodic in N

= 𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑚𝑚 �

1
𝑁𝑁
� �

𝑙𝑙=𝑛𝑛0−𝑚𝑚

𝑛𝑛0−𝑚𝑚+𝑁𝑁−1

𝑥𝑥[𝑙𝑙]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑙𝑙

Shifting in time changes phase 
of Fourier Series Coefficient.

=
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥[𝑛𝑛 − 𝑚𝑚]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛

= 𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑚𝑚 � 𝑋𝑋[𝑘𝑘]



Properties of DTFS: Complex-conjugate Coefficients
If x[n] is real-valued periodic signal, 𝑋𝑋[𝑘𝑘] = 𝑋𝑋∗[−𝑘𝑘].

𝑋𝑋[𝑘𝑘] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥[𝑛𝑛]𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛 𝑋𝑋[−𝑘𝑘] =

1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥[𝑛𝑛]𝑒𝑒−𝑗𝑗
2𝜋𝜋(−𝑘𝑘)

𝑁𝑁 𝑛𝑛

𝑋𝑋[−𝑘𝑘] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥[𝑛𝑛]𝑒𝑒𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛

𝑋𝑋∗ −𝑘𝑘 =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑁𝑁 𝑛𝑛 = 𝑋𝑋[𝑘𝑘]



Properties of DTFS:  Symmetric and Antisymmetric Parts
• A real-valued signal 𝑥𝑥 𝑛𝑛  written in terms of the symmetric and 

antisymmetric parts: 𝑥𝑥 𝑛𝑛 = 𝑥𝑥𝑆𝑆 𝑛𝑛 + 𝑥𝑥𝐴𝐴[𝑛𝑛]

𝑥𝑥𝑆𝑆 𝑛𝑛 =
1
2

(𝑥𝑥 𝑛𝑛 + 𝑥𝑥 −𝑛𝑛 )
DTFS 1

2
(𝑋𝑋 𝑘𝑘 + 𝑋𝑋 −𝑘𝑘 ) =

1
2

(𝑋𝑋 𝑘𝑘 + 𝑋𝑋∗ 𝑘𝑘 )

= 𝑅𝑅𝑅𝑅(𝑋𝑋 𝑘𝑘 )

𝑥𝑥𝐴𝐴 𝑛𝑛 =
1
2

(𝑥𝑥 𝑛𝑛 − 𝑥𝑥 −𝑛𝑛 )
DTFS 1

2
(𝑋𝑋 𝑘𝑘 − 𝑋𝑋 −𝑘𝑘 ) =

1
2

(𝑋𝑋 𝑘𝑘 − 𝑋𝑋∗ 𝑘𝑘 )

= 𝑗𝑗 � 𝐼𝐼𝐼𝐼(𝑋𝑋 𝑘𝑘 )

The real part of X[k] comes from the symmetric part of the signal, 
the imaginary part of X k   comes from the antisymmetric part of the signal



Example of a DTFS: Sirens
Seebeck used a siren to generate sounds (~1841) by passing a jet of compressed air 
through holes in a spinning disk. 
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Fourier Interpretation



Fourier Series



Fourier Series With and Without the Fundamental
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Summary

• Discrete-Time Fourier Series: 

𝑥𝑥 𝑛𝑛 = 𝑥𝑥 𝑛𝑛 + 𝑁𝑁 = �
𝑘𝑘=<𝑁𝑁>

𝑋𝑋 𝑘𝑘 𝑒𝑒𝑗𝑗
2𝜋𝜋
𝑁𝑁 𝑘𝑘𝑘𝑘

𝑋𝑋 𝑘𝑘 = 𝑋𝑋[𝑘𝑘 + 𝑁𝑁] =
1
𝑁𝑁

�
𝑛𝑛=𝑛𝑛0

𝑛𝑛0+𝑁𝑁−1

𝑥𝑥 𝑛𝑛 𝑒𝑒−𝑗𝑗Ω0𝑘𝑘𝑘𝑘

• We developed Fourier Series for discrete time signals.
• We compared CTFS and DTFS. 

discrete in time  => periodic in frequency
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