
6.3000: Signal Processing

Continuous-Time Fourier Transform

Synthesis Equation

x(t) = 1
2π

∫ ∞
−∞

X(ω) e jωt dω

Analysis Equation

X(ω) =
∫ ∞
−∞

x(t) e−jωt dt
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Continuous-Time Fourier Transform

Find the Fourier transforms of the following continuous-time signals.

• x1(t) =
{
e−t if t > 0
0 otherwise

• x2(t) = x1(t− t0)

• x3(t) = Symmetric{x1(t)}

• x4(t) = Antisymmetric{x1(t)}

• x5(t) = d

dt
Symmetric{x1(t)}



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal

x1(t) =
{
e−t if t > 0
0 otherwise

X1(ω) =
∫ ∞
−∞

x1(t)e−jωtdt

=
∫ ∞

0
e−te−jωtdt

=
∫ ∞

0
e−(1+jω)tdt

= − 1
1 + jω

e−(1+jω)t
∣∣∣∣∞
0

= 1
1 + jω



Continuous-Time Fourier Transform

Find the real and imaginary parts of X(ω).

X(ω) = 1
1 + jω

× 1− jω
1− jω = 1− jω

1 + ω2

Plot these functions.

ω

Re{X(ω)}

1

1−1

|ω| << 1 : 1
1+ω2 → 1

|ω| >> 1 : 1
1+ω2 → 1

ω2

ω

Im{X(ω)}

1

1−1

|ω| << 1 : − ω
1+ω2 → −ω

|ω| >> 1 : − ω
1+ω2 → − 1

ω



Continuous-Time Fourier Transform

Alternative graphical method.

X(ω) = 1
1 + jω

The denominator is the sum of two vectors.

denominator

Re

Im

1
jω

ω

|X(ω)|

1−1

1

ω

∠X(ω)

1−1

π/2

−π/2

Magnitude is symmetric, angle is antisymmetric in Ω.



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x2(t) = x1(t− t0)

t

x1(t)
1

0 1

t

x2(t)= x1(t− t0)
1

0 t0 1



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x2(t) = x1(t− t0)

X2(ω) =
∫ ∞
−∞

x2(t)e−jωt dt

=
∫ ∞
−∞

x1(t− t0)e−jωt dt

Let τ = t− t0.

X2(ω) =
∫ ∞
−∞

x1(τ)e−jω(τ+t0) dτ

= e−jωt0
∫ ∞
−∞

x1(τ)e−jωτ dτ

= e−jωt0X1(ω)



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x2(t) = x1(t− t0)

X2(ω) = e−jωt0X1(ω)

ω

1−1

1
|X2(ω)|= |X1(ω)|

ω

1−1

π/2

−π/2

∠X2(ω) = ∠X1(ω)− ωt0

Magnitude is unchanged.

Angle offset by straight line through zero (still antisymmetric).

Why does time delay shift phase by angle proportional to frequency?



Continuous-Time Fourier Transform

Why does time delay shift phase by angle proportional to frequency?

Think about Fourier components of a signal that are each delayed by same

time t0.

t t

2π

t t

4π

t t

6π

The same amount of time corresponds to different amounts of phase.



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x3(t) = Symmetric{x1(t)}

X3(ω) =
∫ ∞
−∞

Symmetric{x1(t)}e−jωtdt

= 1
2

∫ ∞
−∞

(x1(t) + x1(−t))e−jωtdt

= 1
2

∫ ∞
−∞

x1(t)e−jωtdt+ 1
2

∫ ∞
−∞

x1(−t)e−jωtdt

= 1
2X1(ω) + 1

2

∫ ∞
−∞

x1(τ)e jωτdτ

= 1
2X1(ω) + 1

2X1(−ω)

= 1
2

( 1
1 + jω

+ 1
1− jω

)
= 1

1 + ω2

real and symmetric ctft=⇒ real and symmetric



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x4(t) = Antisymmetric{x1(t)}

X4(ω) =
∫ ∞
−∞

Antisymmetric{x1(t)}e−jωtdt

= 1
2

∫ ∞
−∞

(x1(t)− x1(−t))e−jωtdt

= 1
2

∫ ∞
−∞

x1(t)e−jωtdt− 1
2

∫ ∞
−∞

x1(−t)e−jωtdt

= 1
2X1(ω)− 1

2

∫ ∞
−∞

x1(τ)e jωτdτ

= 1
2X1(ω)− 1

2X1(−ω)

= 1
2

( 1
1 + jω

− 1
1− jω

)
= −jω

1 + ω2

real and antisymmetric ctft=⇒ imaginary and antisymmetric



Continuous-Time Fourier Transform

Find the Fourier transform of the following signal.

x5(t) = d

dt
Symmetric{x1(t)}

X5(ω) =
∫ ∞
−∞

dx3(t)
dt︸ ︷︷ ︸
dv

e−jωt︸ ︷︷ ︸
u

dt︸︷︷︸
dv

= e−jωt︸ ︷︷ ︸
u

x3(t)︸ ︷︷ ︸
v

∣∣∣∞
−∞
−
∫ ∞
−∞

x3(t)︸ ︷︷ ︸
v

(−jω)e−jωtdt︸ ︷︷ ︸
du

The first term is zero since the CTFT of x3(t) converged.

X5(ω) = jω

∫ ∞
−∞

x3(t) e−jωtdt

= jωX3(ω) = jω

1 + ω2

real and antisymmetric ctft=⇒ imaginary and antisymmetric



Continuous-Time Fourier Transform

Alternative method – start with synthesis equation:

x(t) = 1
2π

∫ ∞
−∞

X(ω)ejωt dω

y(t) = dx(t)
dt

= d

dt

(
1

2π

∫ ∞
−∞

X(ω)ejωt dω
)

= 1
2π

∫ ∞
−∞

X(ω) d
dt
ejωt dω

= 1
2π

∫ ∞
−∞

X(ω)(jω)ejωt dω

Y (ω) = jωX(ω)

Straightforward approach (start with analysis) not always simplest.

This is a great example of how Fourier transforms simplify calculus.

Differentiation in time corresponds to multiplication by jω in frequency.



Inverse Continuous-Time Fourier Transform

Find the signal whose Fourier transform is

X(ω) = e−|ω|



Inverse Continuous-Time Fourier Transform

Find the signal whose Fourier transform is

X(ω) = e−|ω|

x(t) = 1
2π

∫ ∞
−∞

X(ω)e jωtdω

= 1
2π

∫ 0

−∞
eωe jωtdω + 1

2π

∫ ∞
0

e−ωe jωtdω

= 1
2π

e(jt+1)ω

jt+ 1

∣∣∣∣∣
0

−∞

+ 1
2π

e(jt−1)ω

jt− 1

∣∣∣∣∣
∞

0

= 1
2π

1
jt+ 1 −

1
2π

1
jt− 1

= 1/π
1 + t2


