6.300 Problem Set 2

Problem sets and computational labs are both released on Thursdays at 4:00 p.m.

Both are due the following Wednesday at 10:00 p.m.

To receive credit for a lab check-in, the check-in must be completed by the following Monday at 9:00 p.m. Lab check-ins may
be completed during common hours. A schedule of common hours is posted at sigproc.mit.edu.
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Problem 1: Graphical Fourier Series
Part A

Each of plots f1(-) through fs(-) shows a periodic function with period ¢ = T that can be represented by a Fourier series of
the following form:
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where ¢, and dj, are represented by either A, B, or C (shown below), where values are assumed to be 0 for all values of £ not
pictured:

For each f;(-), indicate which of A, B, or C corresponds to its ¢;, and dj, coefficients. Justify your answers.
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Part B

Consider a function f(-) that is periodic in T' = 2 seconds. Its CTFS coefficients F'[-] are shown below:

1 if —1<k<1
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0 otherwise
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f(t) is purely real. Sketch a plot of f(¢) versus ¢:
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Now, thinking of f(t) as a number in the complex plane, sketch the magnitude and angle of f(t) as functions of :
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Part C

Consider a function f(-) that is periodic in 7' = 3 seconds. Its CTFS coefficients F'[-] are shown below:

o0

such that f(t) = Z Fkled Tt

k=—o00

1/2 ifke{0,2}
Flkl=<¢2 ifk=1

0 otherwise
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f(t) can be expressed in the following form: f(t) = (e/*'*) x (cos(wat) + ¢)

What are the necessary values of wy, wq, and ¢? Show your work.

Now, thinking of f(¢) as a number in the complex plane, sketch the magnitude and angle of f(t) as functions of ¢:
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£f(t)

Notice that, unlike the function we looked at in a similar problem last week, f(¢) is not purely real-valued! What feature(s) of

the coefficients are consequences of this fact?
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Problem 2: Fourier Series
Part A

Let fi(t) represent the following function, which is periodic in ¢ with period 7" = 10:

f(t) = fa(t +10)

|'| 1 [

- . t
1 10

Find the coefficients F; [k] for a Fourier series expansion of f(¢) in complex-exponential form:

h®)= Y Rk

k=—oc0

Part B

Let f, represent the following function that is periodic in ¢ with period T = 10:

Ja(t) = fo(t +10)
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Find the Fourier series coefficients associated with this function in complex-exponential form.




6.300 Signal Processing (Spring 2024) 6

Problem Set 2

Part C

Let f3 represent the following function that is periodic in ¢ with period T' = 10:

f3(t) = f3(t +10)
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Find the Fourier series coefficients associated with this function in complex-exponential form.
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Part D

Find the complex-exponential Fourier series coefficients F [k] for the following function:

fi(t)=|sin(t)|

Part E

Find the complex-exponential Fourier series coefficients F; k] for the following function:

fa(t) = cos (2?) sin (2?)
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Problem 3: Fourier Series — Trigonometric Form vs. Complex Form

In this problem, we compare two methods for expanding a function f(wot) as a series of the following form:

f(wot) = co + Z ¢k, cos(kwot) + Z dj, sin(kwot)

k=1 k=1

Part A

Use trigonometric identities and the rules of ordinary algebra to determine the values of the non-zero coefficients ¢; and dj,
needed to expand the function f; (wot) = cos®(wot). Show your work.

Part B

An alternative to trigonometric identities is to use complex exponentials. Determine the non-zero coefficients c¢; and dj, as in
the previous part — but this time use Euler’s formula and complex numbers, but no trigonometric identifies.

Part C

Use trigonometric identities plus the rules of ordinary algebra to determine the values of the non-zero coeeficients ¢ and dy,
needed to expand the function fs(wyt) = sin®(wot). Show your work.

Part D

Determine the non-zero coefficients ¢, and dj, as in the previous part — but this time use Euler’s formula and complex
numbers, but no trigonometric identities.

Part E

List the mathematical relations that you used in each of the previous parts. Briefly describe the pros and cons of using
trigonometric identities versus Euler’s formula.
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