6.300 Signal Processing

Week 12, Lecture A:
2D Fourier Representation

* Introduction to 2D Signal Processing

* 2D Fourier Representations

Lecture slides are available on CATSOOP:

https://sigproc.mit.edu/fall24



Signals: Functions Used to Convey Information

 Signals may have 1 or 2 or 3 or even more independent variables.

Y brightness (z, y)

sound pressure (t)
~

A 1D signal has a one-dimensional domain.
We usually think of it as time t or discrete time n.

A 2D signal has a two-dimensional domain.
We usually think of the domains as x and y or n,, and n,, (or r and c).



Signals: Continuous vs. Discrete
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Signals from physical systems are often of continuous domain:
e continuous time — measured in seconds, etc: f(t)
e continuous spatial coordinates — measured in meters, cm, etc : f(x, y)

Computations usually manipulate functions of discrete domain:
* discrete time — measured in samples: f[n]
» discrete spatial coordinates — measured in pixels: f[r, c]



Fourier Representations

From “Continuous Time” to “Continuous Space.”

1D Continuous-Time Fourier Transform
F(w) = f f(t)-eJotqdt

Analysis equation

1 (* ,
_ . pJwt
ft) = J_ Flw)-e™dw Synthesis equation

Two dimensional CTFT:

F(a)x, a)y) = j j flx,y) - e~ J(WxX+wyy) dxdy X apd y are continuous spatial variables
oo oo (units: cm, m, etc.)

1 A ; d w, are spatial frequencies
flx,y) = _J J F(wy, w,,) - e/ @xX¥+0yY) doy de,  @PxaNG Wy P a
4n? J_ o ) _o (0 wy) 7 (units: radians / length)

* integrals - double integrals;
* sum of x and y exponents in kernal function.



Fourier Representations

From “Discrete Time” to “Discrete Space.”

1D Discrete-Time Fourier Transform
OB Z Fln] - e~Ion

n=-—oo

Analysis equation
fn] = zln f(Q) e/ dQ Synthesis equation

Two dimensional DTFT:

F(Q,,Q,) = Z Z flr, c] - e /@ +Qeo) r and c are discrete spatial variables
r=—00 c=—00 (Units: piXEIS)
flr,c] = y zf f F(Q,,Q,) - el @T+20) 4a_dq. 0, fam.d anare spa?tlal frequencies
% Jor Jom (units: radians / pixel)

 sum — double sums; integral - double integrals;
 sum of r and ¢ exponents in kernal function.



Fourier Representations

1D DFT to 2D DFT

1D Discrete Fourier Transform

N-1
FIk) =~ fInl-e W "
Net
27k
fln =Y fln]- /N
k=0

Two dimensional DFT:

Analysis equation

Synthesis equation

R-1C-1
1 _j 2Tk, 2Tk r and c are discrete spatial variables
Flky kel = RC Z z flr.c]-e ™ R ¢ (units: pixels)
r=0 c=0

R—-1C-1
_ .(anrr+2nkcc)
flrel= ) ) Flkykel-e 7R+
r=0 c=0

k. and k, are integers representing
frequencies



Orthogonality

DFT basis functions are orthogonal to each other in 1D and 2D.

.21tk

1D DFT basis functions: ¢y [n] = e/~ "

“Inner product” of 1D basis functions:

N-1 N-1

See slide #11 of Lec 03B.

[) mod N

L]

27Tk _.2ml 2nk-0) _|N if k=1 _
z¢k nlpiln _2 Tre T :zef v _{0 otherwise O<kl<N) =N-olk—I]
n=0 n=0 or:=N-6[(k —
] . _jZTL'k'rr _jZTL'kCC
2D DFT basis functions: ¢y, [r,c] =e " R " e 7 c
“Inner product” of 2D basis functions:
R-1C-1 R-1C-1
2Tk - 2Ttk ¢ 27T, 21l
Z z bre, k1l i1 ¢l = Z (e R el (e TR
- r=0 c=0
-1
z Zn(kr lr).. z ]mc _[RC ifk,=1. and k. =, —RC-8[k, — L] - 8[k, —
o e 0 otherwise . ¢

(0<k,l. <R0<k,l. <C)



Check yourself!

The 2D DFT basis functions have the form @k, .k, [r,cl=e"" e

Which (if any) of the following images show the real part of
one of the basis functions ¢y, j.[r, c|?

c (0,0) is at top left corner, black correspond to lowest value, white correspond to highest value.

VX

What values of k. and k. correspond to each basis function?




Check yourself!

The 2D DFT basis functions have the form:

_ .Zﬂkrr _ .277:ch
Gk lr.cl=e R e’T

B 21k, 4_2nkc ~ (2nk, 4_2nkc
=cos\——T c c|—jsin| ——r c C

21k, 21tk

C

If r + c is constant, the real and imaginary parts will be constant.

Example: Let k,, =3 and k. =-4 when R =(C = 128.

213 214

Then the exponent is e " 125C" This exponentis zeroif 3r =4 c.

If the exponent is zero, then cosine is at its peak value of 1.

Thus the real part of the 2D basis function is 1 along the line r = %c.

Therefore the real part of the 2D basis function will be 1 along the linesr = — % C.

r



2nk, 2wk, )
c

Check yourself! re..tr.a = cos( 527 +2%

The 2D DFT basis functions have the form @k, .k, [r,c]=e7R e C

Which (if any) of the following images show the real part of
one of the basis functions ¢y, . [r,c]? A and B

c (0,0) is at top left corner, black correspond to lowest value, white correspond to highest value.

W, i B

7

What values of k. and k. correspond to each basis function?

A: (4, -3) or (-4, 3) B: (3, -4) or (-3, 4) C: none; D: none



Fourier Transform Pairs

In 1D, we found that it was useful to know how the transforms of simple shapes looked (for
example delta - constant), in part because it was often possible to use that understanding
to simplify thinking about bigger problems.

The same will be true in 2D!

We can look at some 2D Fourier analysis of simple shapes in the following.



2D Discrete Fourier Transform

Example: Find the DFT of a 2D unit sample:
1D unit sample
1, r=0andc =0
flr,cl = 68[r]d[c] = {0’ otherwise fn] = 5[] = (1 n=20
0, otherwise
R-1C-1
k k Z z 6‘ Zn'krr_l_ZTékcc) 5[n]
i RC ,
r=0 c=
1 (anTOTanCO)
RC
1 N—-1 o 1
T
_ Flkl = ) 8[n] e/ " =
RC n=0
STrls DFT 1
[r]8]c] =




2D Discrete Fourier Transform

Generally, implement a 2D DFT as a sequence of 1D DFTs:

R-1C-1
_ (anr ancc)
Pl =g ). 3 finel -« EF %
r=0 c=
R-1 c-1
1 1 _ .ancc _ .2nkrr
=z 2\ g2 e e
r=0 c=0

first, obtain the DFT for each column

p. 7
e

then, take the DFT of each resulting rows

Alternatively, we can start with rows and then do columns just as well.

Note: the above equation is a special case of the general form:

_ (anr 27tkcc)
Flk,, k.| RCz zfprc e 'V R C

re=<R>c=<C> where f,[r, c| is the periodically extended version of f[r, c]




2D Discrete Fourier Transform

Example: Find the DFT of a 2D unit sample: (Theimageis centered atr =0, ¢ = 0)

flr, ]

—F - C

Magnitude
4—

ﬁ

Angle
P




2D Discrete Fourier Transform

Example: Find the DFT of a 2D unit sample:
flr, DFT(rows)

—  _»cC ————igl
—» HEEEEEEEEEEE
D
e,
5
o
c
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flrse DFT (rows)

Magnitude
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.
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flr, ] DFT (rows)
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flr,c] DF T (rows)

Magnitude
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

¥lr; el DFT (rows)
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flr;e] DFT (rows) Flky, k]

—»C —» L, —» k.
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2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flr, ] DFT (rows) Flkr, ke

Magnitude
<—

=3

Angle
e
n



2D Discrete Fourier Transform
Example: Find the DFT of a 2D unit sample:

flr, c] Di“; Flky, k]

——»C ——> k.

Magnitude
0

Angle
.
n
4—



2D Discrete Fourier Transform

Example: Find the DFT of a 2D constant.

flr,cl =1
R-1C-1 _ _
k k z z 1. e_ (Zﬂkr +27‘L'kc ) z anr Z 27'L'kc
T
RCT 0 c=0 RC c=0
And we know:
c-1 R-1
]anc C, k.,=0 _2mky R, k,=0
0, otherwise z 0, otherwise
c=0 r=0
1
[ers kel = 57+ R - Olkr] - € Olke] = &[kc]S[kr]

1D constant

n
(1, k=
. |0, otherwise

See slide #11 of Lec 03B.




2D Discrete Fourier Transform

Example: Find the DFT of a constant. (The imageis centeredatr =0, ¢ = 0)
flr, ]

—— » C

Magnitude
S 4

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a constant.
£ el DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a constant.
Flrel DFT (rows)

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a constant.

flr, c] DFT(rows) Flkr, k]
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)
©
-
33
=
(@)]
©

' T | kTT
| I

Angle

-
ENERENEERES

I E—

??A
<



2D Discrete Fourier Transform

Example: Find the DFT of a constant.
Fle,d DFT(rows) Flkyr, ke]

Magnitude
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2D Discrete Fourier Transform

Example: Find the DFT of a constant.
flr; el DFT (rows) Flkr, k]

— > C
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2D Discrete Fourier Transform

Example: Find the DFT of a constant.
#r; el DFT (rows) Flkr, k]

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a constant.
f[?“, C] Dg F[kTa kc]

————»C ——l

Magnitude
sS4
<—

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a vertical line. Participation question for Lecture
1, c=0
flr,cl = élel = {O, otherwise
=a an an 21k Zk 21k
T Cc UKy K¢ T T,
Flk,, k] Z z S[c r+ ) _ 2 Jegrt 0) _ z ISy
r RC " RC " RC
r=0 c=
& ok R k.= 0
And: iz =" r
d z e R {0, otherwise
r=0
1 1
F[krr kc] = R_C R - 5[k ] E5[kr]
DFT 1
[c] =55 r]




2D Discrete Fourier Transform

Example: Find the DFT of a vertical line: (The image is centered atr = 0, ¢ = 0)
flr: ]

—F— - C

Magnitude
S 44—

Angle
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2D Discrete Fourier Transform

Example: Find the DFT of a vertical line:
illaXe DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a vertical line:
flr, ] DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a vertical line:
¥w, ¢ DFT (rows) Flkr, ke
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2D Discrete Fourier Transform

Example: Find the DFT of a vertical line:
flr, € DFT (rows) Flkr, k]

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a vertical line:
flr, c] Dg Flky, k]
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2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

1, r=0
flr,c] =6lr] = {(), otherwise

R-1C-1

k ,k Z z 5 27Tk7~ +27ch o z (Zn'kro_l_ZTtkC o Z 27ch
r " RC " RC "~ RC

r=0 ¢c=0
<l 21k C k 0
Since: =g =1 ¢~

z € ¢ {0, otherwise
c=0

1

Flky kel = o+ C - 8Tke] = 7 8lkc]
DFT q

5[r] = + 8k}




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:  (The image is centered at ¥ = 0, ¢ = 0)

flr ]

——— - C

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:
Flr; el DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

Fflrél DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

fr, € DFT (rows)
—_—>»C —> k.
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2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

fln.gl DFT (rows)

Magnitude




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

il DFT (rows) Flkyr, k]
kc —=——— kC
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=
ﬁ
—

Angle

LI T 1T 1T iT1]] e




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

flr,€ DFT (rows)

Magnitude




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

Flr, €] DFT (rows)

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

TF el DF T (rows)

Magnitude

Angle




2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

ilate DFT (rows)
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2D Discrete Fourier Transform

Example: Find the DFT of a horizontal line:

flme Dg Flkp, k]
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Translating/Shifting an Image

Effect of image translation/shifting on its Fourier transform.
DFT
Assume that f,[r,c]= Fy[k,, k]

Find the 2D DFT of fy[r,c] = folr —19,¢c — ¢ |
R-1C-1

2Ttk anc
Fi[k,, k] RCZZfer JCR T o)

r=0 c=0
R-1C-1

2Tk anc
Rczz:for_ro»c—co] JCR T 2

r=0 c=

Let: . =1 — 1, l = ¢ — Cg. Then:

2Tk 21k,
fuller kel = Re N Y A ARP LS S G )

l,=<R> lc—<C>

2Tk - 27ch anr 2Tk ¢
—e JTR . —J 7 7 fOl l Lrt—¢"1c) _janr

=e R
lr <R> lc <C>

Translating an image adds linear phase to its transform.

2tk

e STc . - Folky, k]



2D Discrete Fourier Transform

Example: Find the DFT of a 2D unit sample:

flr, ] DFL

——— > C
/rn

Magnitude

(The image is centered atr = 0, ¢ = 0)

—» C

Angle
g
]

DFT 1
flr,c] = 8[r16[c] = Flk, k.| = —

RC

F :]{:7‘7 kC]

R—




2D Discrete Fourier Transform

Example: Find the DFT of a shifted 2D unit sample. | f[r,c] = 8[rls[c — 1] = F[k,, k ] = e‘fzzkc'lR—lc
f[ﬁ C] Dg F:kry kc]
— > C ——> k.

Magnitude
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(The image is centered atr = 0, c = 0)
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2D Discrete Fourier Transform

Example: Find the DFT of a shifted 2D unit sample.

Magnitude

flr, ] e

— ol O
r kr

(The image is centered atr = 0, ¢ = 0)

—» C

Angle
i
n

DFT _2mke , 1
flr,cl = 8lrl8le — 2] = Flky, k] = e " o=
F:k'f'a kc]

- > k'c
B B
B E
n 0
o B
o B :
i B - [
n B
o ¥
I = |
o B — .




2D Discrete Fourier Transform

2k ., 1
Example: Find the DFT of a shifted 2D unit sample. | f[r,c] = §[r]8[c — 3]£F[kr, k. ]=e’7C OBE
flryel Dg Flkr, k]
— > S
&
O
)
4+
=
)
qV)
/i kr
(The image is centered atr = 0, ¢ = 0)
e — &
= =
= m ‘
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2D Discrete Fourier Transform

DFT 1
Example: Find the DFT of a 2D unit sample: flr,c] = élrléle]= Flkr, k] = o=
flryel Dg Flky, k]
— »C —’kc

Magnitude

|

r k.
(The image is centered atr = 0, ¢ = 0)
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Angle
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2D Discrete Fourier Transform

Example: Find the DFT of a shifted2D unit sample: | flr,c] = 8[r + 1]5[c]gF[kr, k. =e
flr; ¢l Dﬂ; Flkr, k|

Py 1
RC

Magnitude
S4e—

(The image is centered atr = 0, ¢ = 0)
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2D Discrete Fourier Transform

. . . 2TTK - 1
Example: Find the DFT of a shifted 2D unit sample:| f[r,c] = 6[r + 216[c] = Flk,, k.] = e‘JT'H)E
flr, c] Di{ Flkr, k]
—— O _— > kC
)
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(The image is centered atr = 0, ¢ = 0)
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2D Discrete Fourier Transform

Example: Find the DFT of a shifted 2D unit sample:
flr, ]

—— - C

Magnitude

|

r

(The image is centered atr = 0, ¢ = 0)

Angle
S4—

— P

fIr,c] = 8[r + 3]8[c] = Flk,, k ] =

P gy 1

RC
Flkp, kel
sk,
kr
1 W 0 0 0 B O [ r{
O 0 O O ] l ll
SENEEEEEEEE 2 4 k,



SU mma ry We will now go to 4-370 for recitation & common hour

Introduced 2D signal processing:
e Mostly simple extensions of 1D ideas
e Some small differences

Introduced 2D Fourier representations:
 Fourier kernal comprises the sum of an x partand a y part (orr,c)
e Basis functions look like sinusoids turned at angles determined by the ratio of k. to k..

Multiple 2D Fourier Transform pairs:
e 2D unit sample => 2D constant

e 2D constant => 2D unit sample

e vertical line => horizontal line

e horizontal line => vertical line

Translating an image does not change the magnitude but adds linear phase to its
transform.
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