6.300 Signal Processing

Week 5, Lecture A:
Quiz Review-Properties of Fourier Series

Lecture slides are available on CATSOOP:
https://sigproc.mit.edu/fall24

Quiz 1: Thursday October 3, 2-4pm 50-340

* Closed book except for one page of notes (8.5”” x 11" both sides)

* No electronic devices (No headphones, cell phones, calculators, ...)
 Coverage up to Week #3 (DTFS) today’s lecture and recitation also useful
e practice quiz as a study aid, no HW#4




Fourier Representations

Signals: periodic vs aperiodic Synthesis Equation: reconstruct signal from Fourier components
continuous vs discrete Analysis Equation: Finding the Fourier components

Reprgsentmg continuous time signal Representing discrete time signal

requires frequency contents from X[k] & X(Q) periodic

— 0 to oo

: : > 21kt _ _ ok
Tlm.e d.omaln CTFS x(®) =x(t +T) = Z X[k]e]nT DTFS |x[n] = x[n + N] = z X[k]e/ ok
Periodic, = — k=<N> a, JW”
Frequency domain iy wo =— 1 .
Discrete X[k] = lj X(t)e_]Tnktdt —|X[k] = X[k + N] = N z x[n]e~7fokn
Ty n=<N>
Time domain CTFT 1 ® . DTFT 1 .
= — . pJwt = — . eJn
Aperiodic, x(t) = > j_ooX(a)) e/ dw x[n] > fan(Q) el M dQ)
Frequency domain o ¢ _iq
Continuous X(w) = f x(t) - e /@t dt X(Q) =X(Q+2n) = Z x[n] - e7 75"
— Q0 n=-—oo




CT signals, DT signals, sampling

A CT signal x(t) = cos(wt) sampled at t = nAT, the resulting DT signal x[n] = cos(Qn)
with Q = wAT
Q = o/f,
x(t) = cos(wt) s x[n] = cos(Qn)

Aliasing and Nyquist frequency:
x[n] = cos(Qn) = cos((Q + 2m)n) = cos((Q + 2km)n)

Nyquist frequency: %fs
» when the highest frequency of a signal is less than the Nyquist

frequency, the resulting DT signal is free of aliasing.

» Or, the sampling rate need to be larger than twice the highest
frequency in the signal to prevent aliasing



Properties (l): Linearity

* Consider y(t) = Ax{(t) + Bx,(t), where x{(t) and x,(t) are
periodic in 7. What are the CTFS coefficients Y|[k], in terms of X, | k]
and X, k] ?

First, y(t) must also be periodicin T

—j2mkt 1 —j2mkt
¥k = T/Ty(t)e T 4t = T/T(A:cl(t)+Bx2(t))e /il

1 _;2mkt 1 _;2mkt
= —/xl(t)e & dt+B—/az2(t)e e
L gy i Jp

= AX1[k] + BX2lk]

If y(t) = Az1(t) + Bxa(t), then Y[k| = AX;[k] + BXslk]




Properties (I1): Time flip(reversal)

* Consider y(t) = x(—t), where x(t) is periodic in 7. What are the
CTFS coefficients Y [k], in terms of X|k]?

First, y(t) must also be periodicin T

T[ > 2mk(-t) > 2m(—k)t
x(t) = Z X[kl T y(t) = x(~t) =k=Z X[Kle! 7 =RZ_ X[kle! T

k=—o

Letm = —k
ant ant
y(®) = x(- t)—ZX ZX
Since we know

y(t) = Z Y[m = ——>  Y[k] = X[-k]

fy(t) = x(—t), Y[k] = X[—k]




Properties (lll): Real-valued periodic signal

If £(t) is real valued periodic signal:

~7 | roe e Flk =7 | FOT ar

2kt

F*[—k] jf(t)edet

= Flk]

If £(t) is real valued periodic signal, F|k] = F*[—k]




How to go from trig form to CE form for CTFS

Substitute complex exponentials for trigonometric functions. Let’s try it!
>0
f(t) =co+ Z (ck cos(kwot) + dj; sin(kwot)) e/ = cosO + jsind
50 1 ] e 1% = cos@ — jsin6
— co+ (ck — (elhwot L pmikwoty 4 g, — (gIRwol _pmikwoty ) , ,
— 2 g 2J _ ) o el? + I8
cos(kwot) sin(kwot) cosv = 2
= cp—jd = cp+id
B E=Ik ihwot kI koot , jO_e=i0 J6_g-J6
_CO+Z—2 e +Z—2 e sing = -
k=1 k=1 J
o0 — 00 .
Ck— ]dk jku,gt C—k_i_jd—k Hikwot
~ary S
k=1 k=—1
o %(Ck—jdk) if £ >0
f(t) = Z ape’™0t  where ap = { ¢ it k=0
h=—oc %(C_k + jd_k) if & <0

The trig form of the Fourier series (top of page) has an equivalent form

with complex exponentials (red). Slide #11 of Lecture 02B



Properties (IV): Symmetric and Antisymmetric Parts

o If f(t) = fs(t) + f4(t) is a real valued signal and periodic in time with
fundamental period T, what are the Fourier coefficients of f<(-) and

f4(9), in terms of F[k]?

If £(t) is real valued periodic signal, F|k] = F*[—k]

() = f@)+ f(—t) Linearit;; Fulk] = Flk] + F[—k] _ Flk] + F*[k] _ 2Re(F[k]) = Re(F[K])
2 time flip 2 2 2
fA(t) _ f(t) —Zf(—t) Linearit3; FA[k] _ F[k] —ZF[—k] _ F[k] —_ F*[k]: 2_] . Im(F[k]) :j . Im(F[k])
time flip 2 2

The real part of F|Kk] comes from the symmetric part of the signal,
the imaginary part of F|[k] comes from the antisymmetric part of the signal




Symmetrlc and Antlsymmetrlc Parts in CTFS

. cos(x) o«
() =co+ Z cx cos(kwot) + dy sin(kwot)) sIn(x) -
f(=t) =co+ Z(ck cos(kwot) — dj sin(kwyt)) £ \
k=1 :

* ¢;.’s (cosines) alone only represent the symmetric part of the signal.
* d;, ’'s (sines) alone only represent the antisymmetric part of the signal.

f(t) +2f(—t) () = f(®) —Zf (—t)

fs(t) =

The symmetric part shows up in the ¢, coefficients, and the antisymmetric
part shows up in the d;, coefficients.

Slide #45 of Lecture 02A




Properties (V): Time Shift

* Consider y(t) = x(t — ty) , where x is periodic in T. What are the

CTFS coefficients Y [k], in terms of X|k]?

1 2kt . 2kt
Y[kl == /y(t)e T i = 1/m(t—t0)e_‘7T dt
o §

T

27rl~c(u+t0)
= — / xr(u)e du

2rku 27rth
:—/:c(u)e]Te‘7 du
F JF

= e J T — :L'(’U;)e J
i

T

du=¢e 7T X[k

let u=t-—ty,
thent = u + ¢,
dt = du

Each coefficient Y [k] in the series for y(t) is a constant e /%®07 times the

corresponding coefficient X[k] in the series for x(t).




Properties (VI): Time Derivative

* Consider y(t) = %x(t) , Where x(t) and y(t) are periodic in T. What
are the CTFS coefficients Y [k], in terms of X|k]?

©. @)
Start with the synthesis equation: z(t) = Z X[k]ej:zWTkt

k=—o0

Then, from the definition of y(-), we have:

o0 o0 - i © 2kt
y(t)sf:(t)jt( > X[k]eﬂ“) = Y () S = Y vk T

k:—oo k:—OO

From this form, we can see that Y[k] = jZZE X [k].



Properties of Fourier Transforms

Continuous-Time Fourier Transform

Property

Linearity
Time reversal
Time delay
Conjugation
Scaling time

Time derivative

Frequency derivative

ax1(t) + bro(t)  aXi(w)+ bXs(w)

Discrete-Time Fourier Transform

Property y[n] Y (Q)
Linearity axi[n] + bxa[n]  aX1(Q) + bX2(Q)
Time reversal x[—n)] X(—9)
Time delay z[n—ng] e~I8m0 X (Q)
Conjugation z*[n] X*(—Q)
Frequency derivative nx(n] jd%X(Q)




Exercise |

Let Y[ k| represent the Fourier series coefficients of the following
signal: y(t)
1/8 -

Which of the following is/are true? Participation question for Lecture
1. Y[k]=0if k is even

2. Y|k is real-valued

3. |Y[k]| decreases with k?

4. there are an infinite number of non-zero Y [k]



Exercise |

What is the relationship between the two following signals?

kis even

kis odd

2 2 — kis odd

1 21kt /29  2mkt 1 1\ 2wkt 0 kis even
X[k] =—f x(t)e T dt =j —e T dt+j (——)e T de =4 1
! 0 1/2 jkm




Exercise |

The triangle waveform is the integral of the square wave.

—, kis odd

0, k is even
X[k] — 1

d
x(t) = —y(®

2tk
X[k]IJ'TY[k], T=1

1 0 kis even y(t) is symmetric around t=0, thus its
—o2pz  Kkisodd Fourier Series coefficients are purely real




Exercise |

Let Y[ k| represent the Fourier series coefficients of the following
signal: y(t)
1/8 -

Which of the following is/are true? ,
0, k is even

1. Y|k|=0Iif k is even = 1
[ ] | Ylk] {— Tl kis odd

Y [k| is real-valued 2mek

2.
3. |Y[k]| decreases with k?
4. there are an infinite number of non-zero Y [k]



Exercise Il

Ben Bitdiddle created a signal z[n] representing the MIT dome, but he only saved the DTES coefficients X;[k] (and not the

original signal). However, he knew that one period of the original signal (which is periodic in N = 51) looked like this:

XA[FJ] = Re {X{;[L‘]j
Xplk] = Im (Xq[k])
Xc[k] = jIm (Xo[k])

0 k=20
XpH] = |

Xo[k] otherwise

0 if k=25
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Xolk] otherwise
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Xk = { X000 k=0
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xol[n]+xo[-n]

2
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a) x4[n]: symmetric part of x4[n], x4[n] =

urtra NS

= arvta (AT

] sl

c) xc[n]: antisymmetric part of xy[n], x-[n] = -

d) xp[n]: DC part becomes zero

constant in freq domain => 9[n] in time domain
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Additional slides to show the
properties with DTFS



Properties of DTFS: Linearity

* Consider y|n] = Axq|n] + Bx,|n], where x{|n] and x,[n] are
periodic in V. What are the DTFS coefficients Y|[k], in terms of X, | k]
and X, k] ?

First, y[n] must also be periodicin N

no+N-1 no+N—1

1 _ 1 2T
Yl =5 > ylule T == N (axifn] + BxglnDe N
n=ny n=ng
1 Tl0+N—1 5 1 Tl0+N—1 5
LLTT LLTT
:AN z x,[n]e TN +BN Z x,[n]e TN
n=ng n=ngo

= AX1[k] + BX2[K]

If y|n] = Ax{|n] + Bxy|n],thenY|k]| = AX;|k] + BX,[k]




Properties of DTFS: Time flip

* Consider y[n] = x[—n], where x|n] is periodic in V. What are the
DTFS coefficients Y|k], in terms of X|k]?

First, y[n] must also be periodicin NV

1 n0+N—1 2k 1 n0+N—1 2tk
. LLTT
Vik] = — z o 2 _nle SR
[kl =5 ) ylnle = ) x[-nje
n=ny n=ny
Letm = —n
1 —(Tl0+N—1) __ﬂ(_ )
Vil =1 Z x[mleF N ™
m=—ngp
—TlO—N+1
_j27r(—k)m
=N Z x|mle © N = X[—k]
m=—ng

If y[n] = x|—n], thenY[k] = X[—k] Flipping in time flips in frequency.




Properties of DTFS: Time Shift

* Consider y[n] = x|n — m], where x|n] is periodic in N, mis an
integer. What are the DTFS coefficients Y [k], in terms of X|k]?

First, y[n] must also be periodicin NV

n0+N—1 n0+N—1

1 _ .2k _ 2Tk
Y[k] =+ z y[nle /N = — x[n—mle /N "
n=ng n=ny

letl=n—m,then n=01+m

no—m+N-1 ng—m+N-—1

1 _ 2Tk 2Tk 1 2Tk
_ Sr+my _ _jERk _j2nk
Vil =v > xle” WO =T Y e
[=no—m I=ng—m
_.2mk
=e N ™. X[k]
2mkm Shifting in time changes phase

fy[n] = x[n —m], thenY[k] =e /v X[k] of Fourier Series Coefficient.




Properties of DTFS: Complex-conjugate Coefficients
If x[n] is real-valued periodic signal, X|k] = X*|—k].

no+N—1 no+N-—-1

X =g Y xnled N X[k=x Y xlnle KT
= — xInle ” N —KkK| = — x|nle N
N n=ny N n=ny
n0+N—1 ok
—kl=— N
X[—k] N z x[n]e
n=ny
Tl0+N—1
1 _j2mk,
X*[—k] = z x[n]le 7N = X[k]



Properties of DTFS: Symmetric and Antisymmetric Parts

* A real-valued signal x|n] written in terms of the symmetric and
antisymmetric parts: x|[n] = x¢[n] + x4[n]

1 DTFS 1 1
xsln] =5 (eln] + x[-n]) & > 5 (KLl + X[—kl) = = (X[K] + X" [K])
= Re(X[k])
1 DTFS 1 1
xaln] = 5 (el = x[—n))¢ 2 (X[k] = X[=k]) = 5 (X[k] = X" [K])
= j - Im(X[k])

The real part of X|k] comes from the symmetric part of the signal,
the imaginary part of X|k] comes from the antisymmetric part of the signal
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