6.300 Signal Processing

Week 3, Lecture B:
Discrete Time Fourier Series

* Fourier series representations for discrete-time signals
* CTFSvs DTFS
* Application of DTFS

Lecture slides are available on CATSOOP:
https://sigproc.mit.edu/fall24



Brief Review

Continuous Time Fourier Series

Synthesis:

(®.@)
- 2kt

z(t) =zt+T)= » X[kle T

k=—o0

Analysis:

1 -2kt
X[k] = ?/Tx(t)e_Jdet

Discrete Time Sinusoids
x[n] = Acos(Qn + ®)

* nisalways an integer!

* Aliasing and base-band

Today: Apply the FS ideas to DT signals and introduce the DT Fourier Series




Check Yourself

-

What is the fundamental (shortest) period of each of the follow-
ing DT signals?

|

- ™
1. fi|n| = cos (—)

12
- ™ ™
2. fao|n| = cos (E) + 3 cos (1—5)

3. f3[n] = cos(n)

~

The period N of a periodic DT signal must be an integer.

While this is not surprising, it leads to an interesting consequence.



Check Yourself

-
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What is the fundamental (shortest) period of each of the follow-
ing DT signals?
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2. fo|n] COb(12)—|—SCOb(15)

3. f3n] =cos(n) oo

~

x|n] = cos(Qn):

If x[n] is periodic with fundamental period N,

x[n] =x[n+ N] =cos(Q(n+ N)) =cos(Qn + QN) wmmp ON = 27

N =2 /Q




Check yourself

N =2m/Q
' )
What is the fundamental (shortest) period of each of the
following signals?
1 o N
. X1|n| = COoS ——
117 12 24
o ™n n
7, = COS — &
Z2ln] = cos + 3 cos G 120
3. x3[n] =cosn+cos2n+cos3n  ©
e J

The period N of a periodic DT signal must be an integer. Therefore the fundamental frequency
Q_= 2rt /N must be an integer submultiple of 2m.

No such constraints on fundamental frequencies in CT. In CT, the fundamental frequency w, = 2r/T
can be any real number.

— This is an intrinsic difference between CT and DT signals.



Recall: Continuous-time Fourier Series

Only periodic signals can be represented by Fourier series.

0. @ 0. @ >0
f(t)=f(t+T) = co+ E . cos kwot + E dj sin kwot = E apelteot =
k=1 k=1 k=—00
where w, = 2% represents the fundamental frequency.
Real-valued basis functions Complex basis functions
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What is the equivalent constraint for discrete-time signals?



Today: Discrete-time Fourier Series
Goal: Apply the FS ideas to DT signals

ko+N—1
2TT
2k
fln] = co+ Z cx cos(kQon) + Z dj. sin(kQon) fln] = fln+N] = z Flk]e/™™"
k=(N) k=(N) k=ko
where (), represents the fundamental frequency (radians/sample).
Q: What are the important difference(s)?
Real-valued basis functions Complex basis functions
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- n =
Q0
g
\)
3
n S n
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CTFS vs DTFS

Only periodic signals can be represented by Fourier series.

> > > ) > .21tk
f(t) = f+T) = co —|—ch COS kwot—l—de sin kwol = Z apelfwol = z F[k]eszt
k=1 k=1 k=—o0 k=—co
where w, = QTW represents the fundamental frequency.
Q: What are the important difference(s)?
2T
fln] = co k cos(kSn) dpsin(kQon)  fInl = fln+ NJ [k]e/ N ™

where Q, represents the fundamental frequency (radians/sample).



Number of Harmonics

* |n the case of CTFS, there can be infinite number of harmonics,

z(t) =z(t+T) Z X[k]e? T

k=—o0

* For DT signals with period N, as Q, is a submultiple of 2m, there are (only)
N distinct complex exponentials e/ The rest harmonics alias.

2T T

Exampleof N =8: == =3

There are only 8 unique harmonics(k(l,):

4
Or @ 2w 3m 4m 5w 61 71T /\
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Finitely-many Unique Harmonics

There are N distinct complex exponentials with period N.

If a DT signal is periodic with period N, then its Fourier series contains just
N terms.

Example: periodic in N=3

N
[orlotler, )

3 samples repeated in time 3 complex exponentials

Example: periodic in N=4

TL?TTO?TTR

S

4 samples repeated in time 4 complex exponentials




Discrete Time Fourier Series

DT Fourier series comprise a weighted sum of just N harmonics.

2 X[k]e Qokn

x|n] =

x|n + N]

How to find the weights?

k=<N>

DT Fourier components are also orthogonal:

2.

n=ny

(N
= < 1 — (ejﬂo(k_m))N

n=<N>
if k=m
=0 ifk#+m -

N-1

n=0

Ok —m]|

n0_+N el Qokn | p—jQomn _ z ejﬂo(k—m)n — E(Qjﬂo(k—m))n

&[k] is the Kronecker Delta function

MH={1 if k=0

0 otherwise




Finding DTFS coefficient

Start with DTFS representation:

x[n] = x[n + N] = Z X[k]e/Qokn

k=<N>

Then “sift” out one component X|[] :

2 n]e Jﬂom _ z Z X ejﬂokne —jQoln  _ Z X[k] z (ejﬂo(k—l))n

n=<N> n=<N>k=<N> k=<N> n=<N>
z X[k )
k=<N>
X|k] =% z x[n]e =/ tokn =N- Xl
n=<N>




Periodicity with Fourier Series Coefficient X[k]

Consider a signal x[+] that is periodic in N, and consider finding the

(k + N)t" Fourier Series coefficient:

no+N-—1 1 .
1 _2m(k+N)n — z JQokn
Xe+N =5 ) alnle? N M=y 2, xnle
n=ny n=<N>
1 LUl _22mkn 2w Nn
:NZaz[n]e]Ne]N
n=ny
no+N—1
1 _ 27k ;
=< Y sl H e s
n=nqg
1 no%—l [ ] _]275\1;71,
= — rnl|e
N n=n

= X[k]



Discrete Time Fourier Series

A periodic DT signal with N samples produces a periodic sequence of N
Fourier series coefficients.

n0+N—1

X[k] =X[k+N] == x[n]e—JQokn

I
>
Ry
@
~
S
it
>

x|n] = x[n + N]

DTFS has just N coefficients, whereas CTFS had infinitely many!



Fourier Series Summary

CT and DT Fourier Series are similar, but DT Fourier Series have just N
coefficients while CT Fourier Series have an infinite number.

Continuous-Time Fourier Series

z(t) =zt +T)= >  X[kle'T

Synthesis equation

k=—o00 wO —

Analysis equation

1 ki
Discrete-Time Fourier Series

ko+N—1
x[n] = x[n + N]J Z X[k Synthesis equation
k=Kkg
n0+N 1 QO =
Xkl = X[k +N] == z njeJfokn Analysis equation



Check yourself

 What are the Fourier Series coefficients of the following signal?

2T
xln]=1+ COS(?TL)

First, fundamental frequency ), = z?n , signal x[n] is periodic with N = 2277; =5
5
2TT

2T 1 2w, 27,
x[n]=1+cos(?n)=1+§(e 57 +e ’757)

We have three non-zero X|[k|'s: k = 0,k = +1
1 1
X|[—1



Check yourself

 What are the Fourier Series coefficients of the following signal?

T
x[n] =1+ sin(Z n) Participation question for Lecture
. : . e 2
First, fundamental frequency ), = %, signal x|n] is periodic with N = # = 8
4

x[n]—1+sin(zn)—1 ] o in _ =i
= 2 = —5(84 —e '47)

We have three non-zero X|[k|'s: k = 0,k = +1



Check yourself

 What are the Fourier Series coefficients of the following signal?

{1 if nmod10=20

z[n| = |
0 otherwise
9
First, x|n] is periodic in N=10 x[n] = x[n+ 10] = Z 110
z _]10 = i for every k
10 10 Y




Check yourself

 What are the Fourier Series coefficients of the following signal with a
period of N=107
x|n] = 0.5

0.4 0.4 1

0.3

0.1 4 x[n] 0.1 X[k]
ol LLL11 0.0 1

T T T T T T T T
-15 -10 —l5 v S 10 115 -15 -10 =5 0 5 10 15




Example of a DTFS: Sirens

Seebeck used a siren to generate sounds (~1841) by passing a jet of compressed air
through holes in a spinning disk.




Example of a DTFS: Sirens

Seebeck used a siren to generate sounds (~1841) by passing a jet of compressed air
through holes in a spinning disk.

Al

n

faln] 7

n

faln]
0 10 20

T

T he pattern of holes determined the pattern of pulses in each period. The
speed of spinning controlled the number of periods per second.



Example of a DTFS: Sirens

Strangely, adding a second hole per period didn't seem to affect the pitch.

folnl i I ‘ ..?.1
faln i | l I '..}.?

0 10 20

Pitch should be different if it is determined by the intervals between pulses.



Example of a DTFS: Sirens

T here was one very interesting exception.

il {1 1 [~
foln] - _* I 11 [ -
ADEE I 1] [~
faln] . _” I 1] [~
fsln] - I i I [~
foln] o _* [ [ 1=
frln] | L1 [ 1~
fi[n] ..._* [ 1 [ I~
foln] - 11 -

But hearing this exception required precise alignment of the siren’s holes.



Fourier Series

Notice that f5[n] has no fundamental component!

n
n
n
n
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Fourier Series With and Without the Fundamental

Resynthesize each waveform without its fundamental component.
d o

Fl[k} TT?c?TTTk Gl[m——o—i—i—?—o—?—i—i—@k

Q

Falk] n??TiT??Tk G2l ?9Tii??a-k
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Q
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| _
Although perception of the fundamental is weakened, it is not gone!




Fourier Series With and Without the Fundamental

Seebeck designed an extremely clever experiment to test pitch percep-
tion.

Ohm analyzed an important theory (from Fourier) and argued that har-
monics are present even in the pulsatile sounds generated by a siren.

Neither Seebeck nor Ohm could convincingly account for experimental re-
sults that demonstrated the dominance of the fundamental, even when it

was weak or missing.

Progress in understanding the “missing fundamental” awaited Helmholtz,
who demonstrated the importance of “combination tones” in the ear.



Summary

* We developed Fourier Series for discrete time signals.
* We compared CTFS and DTFS.

e Discrete-Time Fourier Series:

2,
x[n] =x[n+ N] = 2 X[k]e/N""
k=<N>
Nno+N-—-1

X|k] = X[k + N] :% Z x[n]e—jﬂokn

n=ny

discrete in time => periodic in frequency

We will now go to 4-370 for recitation & common hour



	Slide 1: 6.300 Signal Processing
	Slide 2: Brief Review
	Slide 3: Check Yourself
	Slide 4: Check Yourself
	Slide 5: Check yourself
	Slide 6: Recall: Continuous-time Fourier Series
	Slide 7: Today: Discrete-time Fourier Series
	Slide 8: CTFS vs DTFS
	Slide 9: Number of Harmonics
	Slide 10: Finitely-many Unique Harmonics
	Slide 11: Discrete Time Fourier Series
	Slide 12: Finding DTFS coefficient
	Slide 13: Periodicity with Fourier Series Coefficient 𝑋[𝑘]
	Slide 14: Discrete Time Fourier Series
	Slide 15: Fourier Series Summary
	Slide 16: Check yourself
	Slide 17: Check yourself
	Slide 18: Check yourself
	Slide 19: Check yourself
	Slide 20: Example of a DTFS: Sirens
	Slide 21: Example of a DTFS: Sirens
	Slide 22: Example of a DTFS: Sirens
	Slide 23: Example of a DTFS: Sirens
	Slide 24: Fourier Series
	Slide 25: Fourier Series With and Without the Fundamental
	Slide 26: Fourier Series With and Without the Fundamental
	Slide 27: Summary

