6.300 Signal Processing

Week 2, Lecture B:
Fourier Series — Complex Exponential Form

 Complex numbers
* Fourier series: Sinusoids to complex exponentials
* Delay property of Fourier series

Lecture slides are available on CATSOOP:
https://sigproc.mit.edu/fall24



Fourier Series

Previously: Representing periodic signals as weighted sums of sinusoids.

Synthesis Equation

= -~ 2T
t) = ¢ . cos(kw,t d. sin(kw,t h = —
f(t) (o—l—kzl(kwb(w )—l—; e sin(kw,t)  where w T

Analysis Equations

co = % / f(t)dt Q1: How to go from sinusoids to complex numbers?
ST Q2: Is it really simpler?

5 ¢
CL = —/ f(t) cos(kwyt) dt
I Jr

dy. = 2 / f(t) sin(kwyt) dt
I Jr

Today: Simplifying the math with complex numbers.



Simplifying Math By Using Complex Numbers — How?

Our biggest simplification comes from Euler’s formula, which relates complex
exponentials to trigonometric functions (Leonhard Euler, 1748).

e’ = cosf + jsin

where 3 = /—1.

Richard Feynman called this “the most remarkable formula in mathematics.”



Geometric Interpretation of Euler’s Formula

e’? = cos@ + jsin b
Rectangular form Polar form
Im Im C = Teje
c=a++ jb el? = cos@ + jsiné
i — relf
- /‘: c=re =
h 0\ | =
: Re Re
& cos 6
b
r =+ a2+ b? 0 = tan‘l(a)

a = rcos6 b = rsinf

 Complex numbers are two-dimensional, and can be described as points in the complex plane.
e Two ways of describing a unit vector at angle 6 in the complex plane: rectangular and polar form.



Add |t|0n Q: which way is easier? Rectangular or Polar?

Addition: the real part of a sum is the sum of the real parts, and
the imaginary part of a sum is the sum of the imaginary parts.

Let ¢; and c¢o represent complex numbers:

cr=a;+jh
co = as + jbo
Then

c1 4 co = (a1 + jb1) + (a2 + jb2) = (a1+a2) + j(b1+b2)

Rules for adding complex numbers are same as those for adding vectors.




M U Iti plication Q: which way is easier? Rectangular or Polar?

Multiplication is more complicated.

Let ¢; and ¢y represent complex numbers:

c1=a;+jh
co = ag + jbo
Then

C1XCo = (aﬁ—ﬂn) X (ag—l—jbz)
= a1 Xaz + a1 X jba + jbi xas + jbi1 X jbo
= (a1as — bybo) + j(arbs + byas)

Although the rules of algebra still apply, the result is complicated:
e the real part of a product is NO'T the product of the real parts, and
e the imaginary part is NOT the product of the imaginary parts.



Multiplication: Polar form

The magnitude of the product of complex numbers is the product of their
magnitudes. The angle of a product is the sum of the angles.

Im

Q: Does phase change lead to magnitude change?
A: No, it’s just a rotation of the vector!

Re

01-+65

r1

71 X195

r1e%1 x roel?2 = ri(cos @1 + jsinéy) x ro(cos by + jsinby)

= 1r172(cos 01 cos o — sin B sin O + j cos O sin By + j sin 67 cos 05)

cos(01+69) jsin(61+69)

— pyroed(01102)



Multiplication of Complex Numbers

E.g. Multiply a complex number by j. let’s first try rectangular form:

c=a+ jb
je=jga —b

jc ~ a

e)?T = 1; /™ = —1; /7% = §;

Q: Is there an easier way to do it? Multiplying by j rotates an arbitrary complex number by /2.



Check yourself

Let ¢ represent the complex number shown by a filled dot in the

complex plane below, where the circle has radius 1.
Im

CY
N

. ™

Which if any of the following figures shows the value of jc7?
Which if any of the following figures shows the value of Im(¢)?
Which if any of the following figures shows the value of l/c?
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Check yourself

Let ¢ represent the complex number shown by a filled dot in the

complex plane below, where the circle has radius 1.
Im

CY
N

. ™

Which if any of the following figures shows the value of jc7?G
Which if any of the following figures shows the value of Im(¢)?F
Which if any of the following figures shows the value of l/c? A

C
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How to go from trig form to CE form for CTFS

Substitute complex exponentials for trigonometric functions. Let’s try it!
>0
f(t) = co+ Z (ck cos(kwot) + dj; sin(kwot)) e/ = cosO + jsind
00 1 1 e 79 = cosf — jsin6
— ot (Ck _(e]kwot_'_e—jkwot) ‘|’dk _'(e_‘]kwot_e—jkwot) ) ' .
— 2 g 2] _ ) o el? 4 e=J0
cos(kwot) sin(kwot) cosv = 2
= cp—jd = cptijd
o kT J%k jkwot k k  —jkwot . JjO _p—Jjb el0_po—J0
_CO-|-Z—2 e —|—Z—2 e Sln9=%=—]%
k=1 k=1 J
o0 — 00 .
C— Jdk kot C_p+Td—k 4 ikwot
Sy -y S
k=1 k=—1
~ %(C‘k—jdk) if £ >0
f(t) = Z ape’® ol where  ap = { ¢ if k=0
h=—00 %(C_k + jd_k) if & <0

The trig form of the Fourier series (top of page) has an equivalent form
with complex exponentials (red).



Meaning for Negative k

The complex exponential form of the series has positive and negative k's.
o0

fty=)  ape/

k=—o0

Only positive values of k£ are used in the trig form.

f(t) =co+ Z g cos(kwot) + Z dy, sin(kw,t)
k=1 k=1

Q: Why? What does negative k mean?

The negative k's are required by Euler's formula.
IR0l — cos(kwot) + j sin(kw,t)
cos(kw,t) = Ref{e"ol} = 5 (ejk““‘?’t + e_jku’ot)

. 1 o T
sin(kw,t) = Im{e’*0t} = 57 (ejk‘*’ot — e J]“”Ot)
J
The negative & do not indicate negative frequencies. They are the mathe-
matical result of representing sinusoids with complex exponentials.



Comparison of Two Representations

Euler's formula allows us to represent both sine and cosine basis functions
with a single complex exponential:

1) = (cacos kwot) + di sin(kw,t ) apedkeot )

/) Z k cos(kuwot) + di 0 Z Q: What’s the difference?
Real-valued basis functions Complex basis functions

Z -t = t = t

S 2t N o

S< £ o
QA Q |“1
o~
(3]“—’()?(
g - o —
=)

sin(2w,t) sin(wyt)

<
~
(JJQU-;()?(
‘ég ;
—~

cos(2w,t) cos(wet)

e Potentially simpler math

* Cosine and Sine all-in-one

 No need to memorize trig identities
* Negative k



Fourier Series directly from complex exponential form

Assume that f(t) is periodic in T" and is composed of a weighted sum of
harmonically related complex exponentials.

fity=ft+T)= Z apelwokt

k=—00

Q: How do we find the coefficients?



Fourier Series directly from complex exponential form

Assume that f(t) is periodic in T" and is composed of a weighted sum of
harmonically related complex exponentials.

fity=ft+T)= Z apelwokt

k=—00

We can “sift” out the component at (w, by multiplying both sides by e Jlwol
and integrating over a period.

-/. f(t)(fi_jwoltdt :/ Z a. €jwokf —onlfdt Z ak/ Jwo(k— lfdt
T T

k=— k=—o0
B { Ta, ifl=%k
0 otherwise
Solving for a; provides an explicit formula for the coefficients:
1 [ : 2T
ap = — e dwok gt where w, = — .
=7 [ 10 , o =



Orthogonal decompositions

Vector representation: let r represent a vector with components a and b

in the = and y directions, respectively.

a=7- I

. (“analysis” equations)
b=r-19
r=ar + by (“synthesis” equation)

Fourier series: let f(t) represent a signal with harmonic components
2T

kit .
e/ T respectively.

ag, ay, ..., a; for harmonics eV, e/T" ..,

— — f T (“analysis" equation)

27Tkt . .
Z ape’ T (“synthesis” equation)

ft)= £t +1T) =

k=—00



Fourier analysis of a square wave

We previously used trig functions to find the Fourier series for f(t) below:

ft) = f(t+2)

1 -
t
—2 —1 0 1 2
1 -2
——/f §/f(t)dt:—
Jo
! sin(krt) |
Cl=m / [ (1) cos(kwot) dt = / cos(kmt)dt = =0 for k=1,2,3,...
T Jo J0 km 0

cos(kmt)
km

1 5 ‘
:{E k=1,3,5,..
0 0 otherwise

2 [ 1
dr. =— / f(t) sin(kw,t) dt:/ sin(krt)dt =—
0 Jo

1 o0
= 5 Z — sin(kmt)



Fourier analysis of a square wave

Now try complex exponentials.

£t = F(t+2)




Fourier analysis of a square wave

Now try complex exponentials.

F() = F(t+2)

—2 —1 0 1 2

1

U I B i R I

ak:?/f(?f)e Ik Otdtzi/ e " tdt:i[ jk‘ﬂ'] —{0/0
JT J 0 o 0

0
1 [ 1

1) = E edkwot — E : ki
f( ) € 5 + —jkﬂ'e
k=—0o0 h—— o0
k odd

Trig functions have been replaced with exponential functions.

if £ is odd
if =20

otherwise!



Fourier analysis of a square wave

Now try complex exponentials.

ft) = f(t+2)

—2 —1 0 1 2

1/ Lo | [kt =7 if kis odd
= 7 Lf(t)e_kaOtdt — 5/ e IRt = 5 [ . ] =4 0/0 ifk=0
. J0

—JkT |,
0 otherwise
17
= — t)dt = —
ao = /T f(t)
E a elhwot — l + EOO o - l EOO —blll (kmt)
2 jkm 2
k=—o00 k=—o0 k=1
k odd k odd

Same answer we obtained with trig functions.



Continuous Time Fourier series (CTFS)

Comparison of trigonometric and complex exponential forms.

Complex Exponential Form Or more often:
kot o'
fO) = fE+T) = > apel™! pt) =a(t+T)= > X|
k=—00 B i
— T _kaOtdt 1 okt
/f X[k] = —/x(t)e-ﬂ g
T Jr

Trigonometric Form

f(t) = t—l—T)_(O—I—Z(kCOb (kwot) +deb1n kwot)

k=1 k=1
et [ 0

ck:T/ft cos(kwot)dt; k=1,2,3,...
T

9 r
d. = T / f(t)sin(kwot)dt; k=1,2,3,..



Is the complex exponential form actually easier?

Let’s consider the effect of a half-period shift on the Fourier coefficients of
the trig form vs CE form:

- N

Assume that f(t) is periodic in time with period 7"

ft) = f+T).
Let g(?) represent a version of f(t) shifted by half a period:

g(t) = f(t=1/2).

How many of the following statements correctly describe the
effect of this shift on the Fourier series coefficients.

e cosine coefficients ¢, are negated

e sine coefficients d; are negated

e odd-numbered coefficients ¢;,d;,c3,ds, ... are negated

e sine and cosine coefficients are swapped: ¢, — di and dp — ¢y,




What is the effect of shifting time

Let ¢ and ¢, represent the cosine coefficients of f(¢) and g(t) respectively.
2 [t
L= —/ f(t) cos(kw,t) dt
— —/ ) cos(kw,t) dt
- ?/0 [(t=T/2) cos(kwot) dt | g(t) = f(i=T/2)
2 [
— T/ f(s)cos(kwy(s+1/2))ds | s=t=T/2
0
o [T
= ?/ f(s) cos(kwos+kw,1'/2)ds | distribute kw, over sum
0
2 o
= — f(s) cos(kwos+km) ds | wo =27/ T
0

—/ f(s)cos(kw,s)(— )k ds | cos(a+b) = cosacosb —sinasinb

| pull (=1)* outside integral



What is the effect of shifting time

Let di, and d), represent the sine coefficients of f(¢) and g(t) respectively.

T
dr= E/ f(t)sin(kw,t) dt

— T/o f(t=T/2) sin(kw,t) dt | g(t) = f(t=T/2)
_2 [ in(k T/2))ds | s=t-T/2
— T/o f(s) sin(kw,(s+ S CS
o T
= —/ f(s)sin(kw,s+kw,T'/2)ds | distribute kw, over sum
— _/ f(s)sin(kwos+km) ds | wo =2/ T

- _/ f(s)sin(kwys)(—1)"ds | sin(a+b) = sinacosb + cosasinb
kdk

| pull (—1)* outside integral



Alternative (more intuitive) approach

Shifting f( ) shifts the underlying basis functions of it Fourier expansion.

f(t=T/2) Z(k cos (kwo(t—T/2)) —I—debm (kwo(t—T/2))

k=0 —
cosine basis functions delayed half a period
=
L—
7 t t
wo Wo

/N ; ,

[, /\/\/\
/\/\/\;

Half-period shift inverts odd harmonics. No effect on even harmonics.

cos(3wet) cos(2wet) cos(wet)



Quarter-period shift

Shifting by T'/4 is even more complicated.

ft=T/4) =) cpcos (kwo(t — T/4)) + > disin (kw,(t — T/4))
k=0 =

cosine basis functions

delayed one fourth period

—

27

wo

\Af
AN

7

VvV
AN AWAY

cos(3w,t) cos(2w,t) cos(wyt) cos(0t)

cos(wot) — sin(wpt);

cos(2wot) = — cos(2wot);

VAV

cos(3wot) — — sin(3wot)



Eighth-period shift

Let ¢, and dj represent the Fourier series coefficients for f(t)

f@)=ft+T)=co+ Z ck cos(kw,t) + Z dy. sin(kw,t)

k=1 k=1
and ¢/" and d]' represent those for an eighth-period delay.

gt)=f(t—=T/8)=co+ Zcﬁ'cos (kwot) + Zd’” sin(kwot)

r Ch if k=0,8,16,24,...
(e +dy)  ifk=1,9,17,25,...
o if k=2,10,18,26,...
. 2~ +dy) ifk=3,11,19,27, ... .

% = ¢k if k= 4,12,20,28, . .. S
Y2(—¢p —dy) if k=5,13,21,29, ...
—dy, if k= 6,14,22,30,...
(e —dy) i k=7,1523,31,...



Properties of CTFS: Time Shift

* Consider y(t) = x(t — ty) , where x is periodic in T. What are the

CTFS coefficients Y [k], in terms of X|k]?

1 2kt . 2kt
Y[kl == /y(t)e T i = 1/m(t—t0)e_‘7T dt
o §

T

27rl~c(u+t0)
= — / xr(u)e du

2rku 27rth
:—/:c(u)e]Te‘7 du
F JF

—e 77T = | z(u)e™?
< 4

T

du=¢e 7T X[k

let u=t-—ty,
thent = u + ¢,
dt = du

Each coefficient Y[k] in the series for y(t) is a constant e /%®07 times the

corresponding coefficient X[k] in the series for x(t).




Summary

e Complex numbers

 Complex exponentials and their relation to sinusoids

* Analysis and synthesis with complex exponentials

* Various properties of CTFS (using complex exponential form)

We will now go to 4-370 for recitation & common hour
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